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Abstract This paper proposes an efficient scalable Residue
Number System (RNS) architecture supporting moduli sets
with an arbitrary number of channels, allowing to achieve
larger dynamic range and a higher level of parallelism. The
proposed architecture allows the forward and reverse RNS
conversion, by reusing the arithmetic channel units. The
arithmetic operations supported at the channel level include
addition, subtraction, and multiplication with accumulation
capability. For the reverse conversion two algorithms are
considered, one based on the Chinese Remainder Theo-
rem and the other one on Mixed-Radix-Conversion, leading
to implementations optimized for delay and required cir-
cuit area. With the proposed architecture a complete and
compact RNS platform is achieved . Experimental results
suggest gains of 17 % in the delay in the arithmetic oper-
ations, with an area reduction of 23 % regarding the RNS
state of the art. When compared with a binary system the
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proposed architecture allows to perform the same computa-
tion 20 times faster alongside with only 10 % of the circuit
area resources.
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1 Introduction

Residue Number System (RNS) is a non-weighted num-
bering system using remainders to represent numbers [28],
being an alternative to the typical binary system. The basic
arithmetic operations (add, subtract, and multiply) are per-
formed over operands that are significantly shorter than the
equivalent binary representation, offering the potential for
high-speed, parallel arithmetic operations, given its carry-
free arithmetic properties. Typical applications for RNS are
in Digital Signal Processing (DSP), namely filtering, convo-
lutions, correlations, FFT computations, and more recently
cryptography [3, 4, 6, 9, 10, 12, 26].

The RNS moduli sets are composed by several mi chan-
nels, where mi represents positive relatively prime integers.
In RNS, a number X is represented by its residues xi =
〈X〉mi , where xi is the remainder of the division of X by mi .
The Dynamic Range (M), determined by the Least Common
Multiple (LCM), for this moduli set is given by:

M = LCM
(
m0, m1, · · · , mj

) =
j∏

i=0

mi . (1)

In a typical RNS three different components have to be con-
sidered: i) conversion from binary-to-RNS; ii) arithmetic
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calculations; and iii) conversion from RNS-to-binary, as
depicted in Fig. 1.

In the first component, all the operands have to be
converted to RNS, computing the remainder of the divi-
sion of each operand by all mi . Considering X and Y as
two integers, represented in RNS by {x0, x1, · · · , xi} and
{y0, y1, · · · , yi} respectively, the result of the operationZ =
X ◦ Y is given by:

{z0, z1, · · · , zi} = {x0 ◦ y0, x1 ◦ y1, · · · , xi ◦ yi} , (2)

where, ◦ denotes the arithmetic operation of addition, sub-
traction, or multiplication. These arithmetic calculations are
performed in parallel and independently on each channel.
The last component is the conversion from RNS to binary.

The conversion from the binary system to the RNS (direct
conversion or binary-to-RNS), and vice-versa (reverse con-
version or RNS-to-binary), introduces an overhead to the
system, and is considered the main drawback of RNS.
Despite this overhead, the faster arithmetic operations in
each of the RNS channels can lead to better performances
than the weighted binary system.

The choice of the moduli set is one of the most important
aspects, in order to obtain an improved and balanced sys-
tem able to exploit the parallelism for the required Dynamic
Range (DR). The use of moduli sets with modulo {2n ± k}
channels, with unrestricted k values, is rather useful in the
definition of larger RNS moduli sets, resulting in arithmetic
systems with better performances, given that the operands
in each channel require a smaller number of bits.

The state of the art on the design of direct converters
can be divided into two main categories, namely for specific
moduli sets and for more generic approaches. For specific
moduli sets using the modulo {2n ± 1} and {2n ± 3} two
structures are proposed in [33] and [13, 14], respectively.
A generic conversion method is proposed in [19], for the
direct conversion modulo {2n ± k} using the periodic pro-
prieties of modulo, and is implemented using a ROM-based
topology. Nevertheless, the state of the art is mainly focused

mod m1

mod mj

mod m0

Figure 1 Residue number system architecture.

on RNS moduli sets based on co-prime numbers of the
form {2n − 1, 2n, 2n + 1} [2, 5, 8, 20, 21, 23, 25, 31].
Different moduli sets for the RNS processors have been
proposed in order to increase the Dynamic Range or to
reduce the width of RNS channels, such as the moduli sets
{2n−3, 2n−1, 2n+1, 2n+3} [2, 22], {2n−1, 2n+β, 2n+1, }
[5], and {2n − 1, 2n, 2n + 1, 2n+1 − 1} or {2n − 1, 2n, 2n +
1, 2n+1 + 1} [16]. A moduli set with a 8n-bit DR has been
proposed in [24], using only modulo {2n ± 1} [33] channel
operations.

More recently, the moduli set with a DR up to (8n+1)-bit
has been proposed. This set [18] is composed by the moduli

{2n+β, 2n−1, 2n+1, 2n−2
n+1

2 +1, 2n+2
n+1

2 +1, 2n+1+1},
requiring arithmetic units modulo {2n±1} [33], and generic
arithmetic units modulo {2n ± k} [11] for the modulo
{2n − 2

n+1
2 + 1, 2n + 2

n+1
2 + 1} channels. However, to the

best of the authors knowledge, the existing moduli sets are
restricted up to eight channels considering specific modulo
values.

This paper improves and extends our previous work [15],
proposing a unified structure for a scalable RNS computa-
tion based on {2n±ki} moduli channels, allowing the design
of RNS with any moduli set.

The considered moduli allows the arbitrary increase of
the number of RNS channels and consequently, the increase
of the DR, or the reduction of the width of the channels lead-
ing to the reduction in the delay, and area cost, and further
exploiting the RNS parallelism.

The proposed full RNS architecture allows computing
the conversion, from binary-to-RNS and RNS-to-binary,
and the arithmetic operations of each channel. Herein, two
RNS-to-binary conversion approaches are considered and
studied, one parallel and one serial, namely one base on the
Chinese Remainder Theorem (CRT) and the other on the
Mixed-Radix-Converter (MRC) [17], respectively. In order
to obtain a more compact RNS structure, the arithmetic units
of each arithmetic channel are also used in the conversion
computation. In order to evaluate the performance of the
proposed architecture, theoretical and experimental results,
for a 90 nm standard cell CMOS technology, were obtained.
The obtained results suggest that the proposed RNS allows
obtaining a system with significantly larger DR and allow-
ing for a significant improvement of the performance. These
results also suggest that the added conversion penalty of
the more complex moduli set, for the proposed RNS, are
mitigated after few arithmetic operations performed in par-
allel on the channels. The analysis of these results suggests
that the RNS arithmetic achieves better efficiency than the
binary, with gains of more than 20 times in delay alongside
an area reduction of 90 %. Moreover, when comparing with
the state of the art the proposed architecture achieves better
efficiency for the same amount of moduli channels, and up
to 50 % better metrics when considering 16 to 32 channels.
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Figure 2 Proposed RNS architecture.

The results also suggest that the proposed architecture is the
most compact solution for the majority of the case studies.

This paper is organized as follows. Section 2 describes
the proposed RNS architecture, together with the formu-
lation needed to design the channel’s arithmetic modulo
{2n ± ki} and the conversions between binary and RNS.
Sections 3 and 4 present the hardware complexity analy-
sis and the experimental results obtained with the proposed
architecture, respectively. Conclusions for this work are
presented in Section 5.

2 Proposed Architecture

The first step of an RNS calculation process is the conver-
sion from binary-to-RNS, followed by the arithmetic opera-
tions performed in each channel, and finally the conversion
from RNS-to-binary. The approach herein proposed con-
siders that the number of required conversions is less than
the number of arithmetic operations performed in the chan-
nels. Therefore, these two conversion steps are executed in
a serial way using the hardware resources of the modular
channels. The architecture herein proposed is organized in
three main blocks, depicted in Fig. 2: i) channel arithmetic
blocks; ii) RNS-to-binary converter; and iii) control block.

The arithmetic blocks perform the modular addition, sub-
traction and multiplication on each channel. They also, per-
form the binary-to-RNS conversion without imposing area
overheads. The RNS-to-binary converter module contains
the additional circuits required to compute the reverse con-
version, which cannot be made with the channel’s arithmetic
blocks.

2.1 Binary-to-RNS Conversion

The conversion of a binary number X with jn-bits to RNS
for modulo {2n − k} can be computed as follows, where

X[msb:lsb] represents the bits msb to lsb of integer X, by
considering lsb of X as the bit 0:

〈X〉2n−k =
〈
j−1∑

i=0

2i·nX[(i+1)·n−1:i·n]

〉

2n−k

=
〈
j−1∑

i=0

(
2(i−1)·n · k

)
X[(i+1)·n−1:i·n]

〉

2n−k

=
〈
j−1∑

i=0

kiX[(i+1)·n−1:i·n]

〉

2n−k

. (3)

Similarly to modulo {2n − k} and considering Xi =
X[(i+1)·n−1:i·n], the binary-to-RNS conversion modulo {2n+
k}, can be computed as:

〈X〉2n+k =
〈
j−1∑

i=0

2i·nX[(i+1)·n−1:i·n]

〉

2n+k

=
〈
j−1∑

i=0

(−k)i ·Xi

〉

2n+k

=
〈� j−1

2 �∑

i=0

k2iX2i −
� j−1

2 �∑

i=0

k2i+1X2i+1

〉

2n+k

. (4)

To compute the above reduction 〈X〉2n+k , modular sub-
tracters are required. Moreover, (4) can be modified to use
only addition operations, since:

〈−X[n−1:0]
〉
2n+k

= 〈
2n − 1 −X[n−1:0] + k + 1

〉
2n+k

= 〈
X[n−1:0] + k + 1

〉
2n+k

. (5)

Thus, 〈X〉2n+k can be computed as:

〈X〉2n+k =
〈� j−1

2 �∑

i=0

k2iX2i

+
� j−1

2 �∑

i=0

k2i+1 (
Xi + k + 1

)
〉

2n+k

=
〈� j−1

2 �∑

i=0

k2iX2i +
� j−1

2 �∑

i=0

k2i+1X2i

+
� j−1

2 �∑

i=0

k2i+1 (k + 1)

〉

2n+k

. (6)

The last term is a constant value that can be pre-calculated.
These operations can be serially performed using the

channel’s arithmetic blocks.
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2.2 Arithmetic in the Channel

This section analyses the modular arithmetic operations
required for addition, subtraction, and multiplication, with
and without accumulation capability, for modulo {2n ± k}.
The channel structure proposed to compute the needed arith-
metic operations are herein described for modulo {2n − k}
and {2n + k}.

2.2.1 Modulo {2n − k}

The addition modulo {2n − k} can be easily computed as
described as in [11]. To derive a subtraction of two residue
values, let us start by computing the symmetric of a residue
as:

〈−x[n−1:0]
〉
2n−k

= 〈
2n − 1 − x[n−1:0] − k + 1

〉
2n−k

= 〈
x[n−1:0] − k + 1

〉
2n−k

. (7)

The subtraction between the residue a and b with accumu-
lation, can be described as:

accq+1 = 〈
accq + a − b

〉
2n−k

= 〈
accq[n−1:0] + a[n−1:0] + b[n−1:0] − k + 1

〉
2n−k

.

(8)

Identically, the subtraction of (a+ b) from the accumulated
value is given by:

accq+1 = 〈
accq − (a + b)

〉
2n−k

(9)

= 〈
accq[n−1:0] + a[n−1:0] + b[n−1:0] + 2 · (1 − k)

〉
2n−k

.

The multiplication of the residue a by b, with positive
accumulation, can be computed as in [11] (note: the width
of k is represented by wk , and wk = log2(k) ≤ n/2,
m1

[n+wk−1:0] represents the result of the k constant multipli-

cation by p[2n−1:n], and m2
[2wk−1:0] represents the constant

multiplication of k by m1
[n+wk−1:n]):

accq+1 = 〈
accq + a × b

〉
2n−k

= 〈
accq[n−1:0] + p[2n−1:0]

〉
2n−k

= 〈
accq[n−1:0] + k · p[2n−1:n] + p[n−1:0]

〉
2n−k

=
〈
accq[n−1:0] +m1[n+wk−1:0] + p[n−1:0]

〉

2n−k
(10)

=
〈
accq[n−1:0] +m2[2wk−1:0] +m1[n−1:0] + p[n−1:0]

〉

2n−k
.

The value p[2n−1:0] results from the binary multiplication of
a×b, and can be computed by a n×n-bit binary multiplier.

The same multiplication but with negative accumulation,
can be obtained by computing:

accq+1 = 〈
accq − a × b

〉
2n−k

=
〈
accq[n−1:0] −

(
m2[2wk−1:0] +m1[n−1:0] + p[n−1:0]

)〉

2n−k

=
〈
accq[n−1:0] +m2[2wk−1:0] +m1[n−1:0] + p[n−1:0]

+3 · (1 − k)
〉

2n−k
. (11)

2.2.2 Modulo {2n + k}

Similarly to modulo {2n − k}, additions modulo {2n + k}
can be easily computed. The subtraction operations, with
accumulation, for channels modulo {2n + k}, considering
(5), can be formulated as:

accq+1 = 〈
accq + a − b

〉
2n+k

= 〈
2n · (accq[n] + a[n] − b[n]

) + accq[n−1:0]

+ a[n−1:0] + b[n−1:0] + k + 1
〉
2n+k

= 〈
accq[n−1:0] + a[n−1:0] + b[n−1:0] (12)

+ (
1 + k · (1 + b[n] − accq[n] − a[n]

))〉
2n+k

.

Using the same approach, the subtraction of (a + b) with
accumulation can be computed as:

accq+1 = 〈
accq − (a + b)

〉
2n+k

= 〈
accq[n−1:0] + a[n−1:0] + b[n−1:0]
+ (

2 + k · (2 + b[n] − accq[n] + a[n]
))〉

2n+k
.

(13)

Similarly to modulo {2n − k}, the multiplication of a by
b, with positive accumulation, modulo {2n + k}, can be
computed as:

accq+1 = 〈
accq + a × b

〉
2n+k

= 〈
accq[n:0] + a[n:0] × b[n:0]

〉
2n+k

= 〈
accq[n:0] + p[2n+1:0]

〉
2n+k

=
〈
accq[n:0] + k2 · p[2n+1:2n] − k · p[2n−1:n]

+p[n−1:0]
〉

2n+k

=
〈
accq[n:0] + k2 · p[2n+1:2n] + k ·m1

[n+wk−1:n]

+m1[n−1:0] + p[n−1:0] + 2 · (k + 1)
〉

2n+k

=
〈
accq[n−1:0] +m2

[2wk−1:0] +m1
[n−1:0] + p[n−1:0]

+k2 ·p[2n+1:2n]+2 · (k + 1)−k · accq[n]
〉

2n+k
.

(14)
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Using (5) to rewrite (14) considering negative accumula-
tion, results in:

accq+1
〈
accq − a × b

〉
2n+k

=
〈
accq[n−1:0] +m2[2wk−1:0]

+m1
[n−1:0] + p[n−1:0] + (k + 1)− k2 · p[2n+1:2n]

−k · accq[n]
〉

2n+k
. (15)

The described operations, can be implemented in a single
hardware structure, using a binary multiplier, two con-
stant multipliers (for computing (k · p[2n−1:n]) and (k ·
m1[n+wk−1:n])) used to perform the modular reduction, and
one 5:1 modular adder. This 5:1 modular adder may be
implemented by using one modular carry-save-adder [1] and
one 4:1 adder [11]. The arithmetic structure for channels
modulo {2n − k} and {2n + k} are similar. However, for
channels modulo {2n + k}, a ((n+ 1)× (n+ 1))-bit binary
multiplier is used, instead of a (n × n)-bit multiplier. Two
constant multipliers are also used, but more constants have
to be selected at the input of the 5:1 modular adder, as
depicted in Figs. 3 and 4.
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Figure 3 Channel structure modulo {2n − k}.

2.3 RNS-to-Binary Conversion

The related reverse converters state of art is based on the
Chinese Remainder Theorem (CRT) [17], on the Mixed-
Radix-Converter (MRC) [17] or on the more recent New
CRT [30]. Herein, both the CRT and MRC algorithms are
considered. The first approach results in a more parallel
computation while the second one results on a more serial
approach but requiring simpler modular arithmetic oper-
ations. Both algorithms allow to reuse the hardware for
modular arithmetic individually available in the channels,
to perform the conversion from RNS-to-binary in order to
reduce the system’s overall area. Nevertheless, the CRT
approach requires additional hardware to implement the
modular adder modulo M , mandatory for the computation
of the final binary value. The New CRT I [30] is herein not
considered since modulo channels have to satisfy the condi-
tion Pi > 2Pi−1, imposing an unbalanced system. The New
CRT II [30] requires intermediate modular operations that
are not supported by the modular channels; given its added
cost, it is not herein considered.

The computation of X using the CRT algorithm, for N
residues, can be achieved by [17]:

〈X〉M =
〈

N∑

i=1

xi ·
〈
M−1

i

〉

mi

·Mi

〉

M

=
〈

N∑

i=1

xi ·Wi

〉

M

, (16)

where Wi is the weight of the residue mi , given by:

Wi =
〈
M−1

i

〉

mi

·Mi , (17)

where M−1
i is the multiplicative inverse of Mi , such that

with Mi = M/mi and
〈
M−1

i ·Mi

〉

mi

= 1.

Given xi , the n-bit residue of the division of X by mi , and
Wi a constant multiplication factor, with a dynamic range of
m bits:

xi =
n−1∑

j=0

xij 2j , Wi =
m−1∑

j=0

Wij 2j , (18)

the product xi · Wi , can be computed by decomposing the
operand Wi into blocks of n bits, from the higher to the
lower bits, where c = N − 1, and Wil represents the
[l · (n+ 1)− 1 : l · n] bits of Wi , given by:

Wi = (2n)N−1 ·
m−1∑

j=m−n

Wij 2j−m+n + · · · +
n−1∑

j=0

Wij 2j

= 2c·n ·Wic + · · · + 2n ·Wi1 +Wi0 . (19)



196 J Sign Process Syst (2014) 77:191–205

k i

k i

2n + k i

opAcc

clr

op

pi [2 n 1:0]acci

ai bi

n

nnn

n n n n n

n

2n

n + wk i

wk i

wk i

wk i

2wk i

2

n + 1 n + 1

acci [n ]

ai [n ]

bi [n ]

n + 1

ac
c i

[n
1:

0]
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Applying this decomposition to the modular multiplica-
tion in (16), the computation of X is given by:

〈X〉M =
〈

N∑

i=1

xi ·
(
2cn ·Wic + · · · + 2n ·Wi1 +Wi0

)
〉

M

=
〈

2cn ·
N∑

i=1

xi ·Wic + · · · +
N∑

i=1

xi ·Wi0

〉

M

. (20)

In the proposed RNS architecture this constant multipli-
cation is computed by the multiplication units of each
RNS channel, requiring N steps to perform all the con-
stant multiplications. On each iteration the several constant
multiplication results are added in a binary adder-tree, com-
pressing the N input values, with 2n-bit length, into one
vector of 2n + e bits (note that: e = �log2(N)	 represents
the extra bits required). This result is then shifted to com-
pute the multiplication by 2ln. The shifted value is feed into
the m-bit modulo M adder to compute the binary value of
X, as depicted in Fig. 5. This CRT base conversion structure
requires N + 1 steps to compute the conversion of X, from
RNS to binary.

The other reverse conversion approach considers the
MRC algorithm. This approach associates a mixed-radix

representation with a residue representation. Considering
the moduli set {m1, m2, · · · , mN }, where zi is the residue
modulo mi (0 ≤ zi < mi), the value X can be described as:

X = zN ·mN−1 ·mN−2 · · ·m1 + · · · + z2 ·m1 + z1 . (21)

Applying the modular reduction m1 to X, equation (21) can
be re-written as:

z1 = 〈X〉m1
= x1 . (22)

In order to calculate z2 we can consider:

X − z1 = zN ·mN−1 ·mN−2 · · ·m1 + · · · + z2 ·m1 . (23)

Applying the reduction modulo m2 to (23) results:

〈X − z1〉m2
= 〈z2 ·m1〉m2

. (24)

Multiplying by
〈
m−1

1

〉

m2
results:

〈〈
m−1

1

〉

m2
(X − z1)

〉

m2

= 〈z2〉m2
. (25)

Since z2 is always a residue modulo m2, and 〈X〉m2
= x2,

equation (25) can be re-written as:

z2 =
〈〈
m−1

1

〉

m2
· (〈X〉m2

− 〈z1〉m2

)〉

m2

=
〈〈
m−1

1

〉

m2
· (x2 − z1)

〉

m2

. (26)
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Figure 5 CRT based conversion block.
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Continuing the process, the mixed-radix digits (zi ) can be
iteratively calculated. The zN value can thus be computed
as:

zN =
〈〈
(mN−1 · · ·m1)

−1
〉

mN

× (
xN − 〈zN−1 ·mN−2 · · ·m1 + · · · + z2 ·m1 + z1〉mN

)
〉

mN

.

(27)

This iterative process requires 2N cycles for the reverse
conversion computations, and can be performed by the
arithmetic channels of the proposed RNS structure. Fur-
thermore, all the multiplicative inverse values required in
the computation can be pre-computed and stored in mem-
ory. The final value X can be computed by multiplying
the mixed-radix digits (zi) by a constant factor (Wi), as
represented in (21).

Considering zi and Wi as:

zi =
n−1∑

j=0

xij 2j , Wi =
i−1∏

j=1

mj =
n·(i−1)∑

j=0

Wi[j ]2
j . (28)

The multiplication of digit zi by its weight Wi , can be
computed identically to CRT (20) as:

X = 2cn ·
N∑

i=1

zi ·Wic + · · · +
N∑

i=1

zi ·Wi0 . (29)

The computation of (29) requires N additional steps to
compute the final value of X. The final value X is thus com-
puted by a binary adder-tree, compressing the N + 1 input
values, with 2n-bit length, into one vector of 2n+e bits (note
that: e = �log2(N + 1)	 represents the extra bits required).
The shifted value is stored into a register. The binary adder-
tree is fed with the results given by the binary multiplier
of each channel, output pi[2n−1:0] of the arithmetic channel
structure, depicted in Fig. 4. With this approach, the con-
version from RNS-to-binary requires a total of 3N cycles
to compute X. The hardware overhead for this solution is
reduced when compared with the CRT algorithm, which
requires a final modulo M adder, as depicted in Fig. 6.

3 Hardware Requirements

To obtain a technology independent assessment of the
resulting RNS architecture, an analysis has been carried out
using a neutral Full Adder based model [18]. This model
relates the area and propagation delay of the circuit, with the
area and delay of a Full-Adder (FA), considering the FA as
the finest grain component. The estimation model considers
the area of 1-bit FA is represented by �FA, and τFA repre-
sents its delay. Bitwise logic operations are not considered,
since they do not impose a significant delay or area cost

2n 2n

2n + e

p 1
[2

ν
1:

0]

p N
[2

ν
1:

0]

nn + e
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n + e

Figure 6 MRC based conversion block.

in our design. Furthermore, it considers a Carry-Propagate-
Adder (CPA) as the simplest addition structure, with n�FA

area and nτFA delay cost. This analysis also considers that a
modulo {2n ± 1} adder is implemented by a CPA with EAC
(End-Around-Carry), with an area cost similar to a binary
CPA and twice the delay of a CPA [27].

The Multi-Operand Modular Adders for modulo {2n±1}
(MOMA [29]) and binary Adder-Trees are considered to
be organized as Wallace Trees, requiring approximately
log1.5(N) 
 2log2(N) stages for N operands [32], with a
1-bit FA delay per stage, and a total of n(N−2)�FA of area
resources.

For the binary multipliers a delay of 2nτFA and an
area of n2 FA is assumed [11]. For the multiplication of
a n-bit operand by a wk-bit constant, a simpler estimation
is considered, with nwk�FA of area resources usage and
(n+ wk)τFA of delay.

The modulo {2n ± k} adders proposed in [11] are con-
sidered, with a 4:1 adder imposing a delay of (n+ 3)τFA
and an area of 5n�FA. For the modulo {2n ± k} Carry-
Save-Adder (CSA) structure, a delay of 2τFA and an area
requirement of 2n�FA is considered [1].

Given these metrics, the first step to assess the efficiency
of the proposed compact RNS architecture is to analysis
the channel’s arithmetic structures, described in Section 2.2
and depicted in Fig. 4. The resulting area requirements for
the modulo {2n − k} channel arithmetic block is imposed
by the area of one binary multiplier (n2�FA), two constant
multipliers, contributing with 2nwk�FA, and one 5:1 mod-
ular adder. The 5:1 modulo adder is implemented with one
4:1 [11] adder and one modular CSA [1], with a total area
cost of 7n�FA. As illustrated in Fig. 4, the critical path of
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the resulting channel arithmetic structure is imposed by the
binary multiplier, with 2nτFA, the two constant multipli-
ers, contributing with 2(n+ wk)τFA, and the 5:1 modular
adder with (n+ 5)τFA of delay. An identical analysis can
be performed for the modulo {2n + k} channel’s arithmetic,
resulting in the values depicted in Table 1.

The estimation of the cost for moduli {2n} and {2n ± 1}
channels are also presented in Table 1, since the consid-
ered related art employs these moduli. For modulo 2n, the
area cost is imposed by the n-bit output, binary multiplier

(n
2

2 �FA), one CSA to compute the addition of the operands
A and B with the accumulated value, contributing with
n�FA, and one CPA as the final adder with an n�FA area
cost. The estimated delay for modulo 2n channel struc-
ture is (n+ 1 + n)τFA, resulting from the contribution of
the binary multiplier, the CSA, and the final CPA. Iden-
tically, for modulo {2n ± 1} results an estimated delay of
(2n+ 1 + 2n)τFA, given by the contribution of the modulo
multiplier [32], the CSA, and the final CPA with EAC. The
estimated area is (n2 + n+ n)�FA, as presented in Table 1.

To complete the evaluation of the proposed RNS archi-
tecture, the reverse conversion units have also to be charac-
terized. From Fig. 5 and the presented equations, the delay
and area cost for the CRT based conversion can be derived
as:

�CRT = �bin Adder−T ree +�add mod M (30)

= [(2n+ log2(N)) (N − 1)]�FA + 3n ·N�FA ,

τCRT = τFA ·max

⎧
⎨

⎩

τCH2n±k

τbin mult iplier + τbin Adder−T ree

τadd mod M

= τFA ·max

⎧
⎨

⎩

(
5n+ 2wkmax )+ 7

)

4n+ 3log2(N)

n · N + 1 .

(31)

As discussed in the previous section, the CRT reverse con-
version requires N + 1 iterations, which in this case means
N + 1 clock cycles to compute the binary value X.

For the MRC conversion it can be derived an area cost
and a delay, from Fig. 6 and the presented equations of:

�MRC = �bin Adder−T ree

= [(2n+ log2(N + 1)) · (N)]�FA , (32)

Table 1 Area and delay estimation of channel arithmetic structures.

Modulo � (area) [�FA] τ (delay) [τFA]

2n − k n2 + 7n+ 2nwk 5n+ 2wk + 5

2n + k (n+ 1)2 + 2nwk + 7n 5n+ 2wk + 7

2n n2/2 + 2n 2n+ 1

2n ± 1 n2 + 2n 4n+ 1

τMRC = τFA ·max

{
τCH2n±k

τbinmult iplier + τbin Adder−T ree

= τFA ·max

{ (
5n+ 2wkmax )+ 7

)

4n+ 3log2(N + 1) .
(33)

As discussed in the previous section, the MRC reverse
conversion requires 3N iterations, which in this case means
3N clock cycles to compute the binary value X.

4 Comparison with the Related Art

In order to properly evaluate the proposed RNS architec-
ture it is herein compared with the binary implementation
and the related state of the art, namely: i) for the Tradi-
tional moduli set {2n ± 1, 22n} with a 4n-bit DR [5]; ii) the
Mohan [16] for the moduli set {2n−1, 2n, 2n+1, 2n+1−1},
which corresponds to a DR with 4n bits; iii) a RNS archi-
tecture proposed by Skavantzos [24] for the moduli set
{2n−5 − 1, 2n−3 − 1, 2n−3 + 1, 2n−2 + 1, 2n−1 − 1, 2n−1 +
1, 2n, 2n + 1} supporting a DR up to (8n − 15) bits; and
iv) a RNS-to-binary converter proposed by Pettenghi [18]
with a DR up to (8n + 1)-bit supported on the moduli set

{2n+β, 2n−1, 2n+1, 2n−2
n+1

2 +1, 2n+2
n+1

2 +1, 2n+1+1}.
Table 4 presents the estimated values for these RNS

architectures considering the previously described perfor-
mance model. The Traditional, Skavantzos, and Mohan
reverse converters were implemented by using the arith-
metic operators presented in [33]. For Pettenghi, a binary-
to-RNS converter and arithmetic units were added in order
to obtain a complete system, considering the same units

used in the proposed architecture. For the {2n ± 2
n+1

2 + 1}
modulo channels, generic modulo {2n ± k} arithmetic units
are considered. Thus, the main difference in the full RNS
lies in the reverse conversion, which consider a dedicated
binary-to-RNS converter.

The proposed architecture takes advantage when it is
consider a larger number of RNS channels. In order to
quantify the maximum number of channels allowed and
the resulting moduli sets, the number of available moduli
were counted for different values of n. Table 2 depicts the
number of relative prime numbers available for moduli sets
composed by {2n ± ki} moduli, and for moduli sets only
composed by {2n − ki} moduli.

Table 2 Number of relative prime numbers available for n-bit channel
length.

Channel width n[bit] 8 12 16 20 · · · 32

{2n − k} 4 11 41 127 · · · 4713

{2n ± k} 8 22 82 232 · · · 8675
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Given the large amount of relative prime numbers, in par-
ticular for larger values of n, an adequate selection approach
needs to be considered. This selection needs to take into
account that the constant multipliers and the final modular
compression depend on the value of k, and are in the critical
path of the arithmetic channels. Smaller values of k, with
lower Hamming weight, lead to faster and smaller imple-
mentations of these arithmetic units, as depicted in Fig. 7.
Therefore, the selection of the moduli set should look for
the lower values for k. Table 3, depicts the relative prime
numbers for architectures with 8, 16, and 32 channels, con-
sidering arithmetic channels with 32 bits, and using the
mentioned selection approach.

If other constant multiplication or modular compressor
units are used, which characteristics vary differently with
the values of k, another moduli selection approach should
be considered.

In order to better evaluate the cost and the performance
gains obtained with the proposed RNS architecture, exper-
imental values were normalized to the values obtained for
the Binary implementation, considering the area and delay
estimations presented in Table 4. Given the scalability of
the proposed RNS architecture, three implementations are
considered, varying the number of moduli channels, namely
using moduli sets with 8, 16, and 32 channels modulo
{2n ± k}.

From the area results estimated, depicted in Fig. 8, it can
be concluded that the Skavantzos is the most area demand-
ing system, requiring up to 2.3 and 4.6 times more area
resources than the Binary and Traditional system, respec-
tively, given the high cost of the considered ROM blocks.
The Mohan and Pettenghi systems requires almost the same
area resources as the Traditional solution. The proposed 8
channel system reduces the area usage up to 50 %, in com-
parison to the Traditional and the Mohan solutions, and
up to 74 %, when compared to the Binary system. The
proposed architecture with 16 and 32 channels requires sig-
nificantly less area resources. In comparison with the Binary
solution, the 16 and 32 channel implementations allow to
reduce the area up to 90 %. An area reduction estimation of
up to 85 % can be achieved when compared to the Tradi-
tional RNS system. In what concerns to the remaining state
of the art, the obtained results suggest that significant area
reductions can also be achieved, up to 57 %. Note that the

[×104 µm 2]

k
Area

[ns]

k

Delay
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b

Figure 7 Experimental results for the arithmetic channels, with n =
32 bits, varying k.

16 and 32 channel implementations can only be considered
for larger DR, as required by cryptographic applications,
given the minimum required size of each modulo channel.
This area reduction is achieved through the reduction of the
area at the level of the RNS channels. With the increase of
the number of RNS channels, the bit length of each chan-
nel is reduced. One of the biggest area gains is achieved
in the multiplication units, which have a quadratic increase
with n. The MRC based system are the less area demanding,
achieving up to 9 % less area than the CRT based system.
The difference between the proposed CRT and the MRC

Table 3 Moduli set adopted
for the proposed architectures,
(n = 32).

Architecture DR moduli set composed by {232 − ki , · · · , 232 − ki+N−1},
[N] with ki assuming the values

8 channels 256 1, 3, 5, 9, 15, 17, 23, 27,

16 channels 512 all of the above and 29, 33, 39, 45, 47, 57, 63, 65,

32 channels 1024 all of the above and 75, 77, 83, 89, 93, 99, 105, 107,

117, 119, 129, 135, 143, 149, 153, 155
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Table 4 Theoretical analysis of the full RNS.

Architecture Block � (area) [�FA] τ (delay) [τFA]

Binary channel n2/2 + 2n 2n+ 1

Traditional [5] bin-to-RNS 6n 2n+ 2

channels 4n2 + 8n 4n+ 1

RNS-to-bin 6n 4n+ 3

Mohan [16] bin-to-RNS 9n 2n+ 2

channels (7/2) · n2 + 10n+ 2 4n+ 5

RNS-to-bin n2/2 + 15/2n + 3 (23/2) · n+ 6

Skavantzos [24] bin-to-RNS 47n− 104 2n+ 4

channels (15/2) · n2 − 14n− 75 4n+ 1

RNS-to-bin 66n2 − 87n− 15 46n− 42 + 2log2
(
16n2 − 62n+ 12

)+
log2

(
(2n − 6)n4

)

Pettenghi [18] bin-to-RNS − 8 · (6n+ 7)

channels 27/9 · n2 + 30n+ 4 6n+ 7

RNS-to-bin n2/2 + 81n/2 − 13 10n+ 8 + log2(n/2 + 4)

Proposed bin-to-RNS − N · (5n + 2wkmax
+ 7)

channels n2 + 9n+ 2nwkmax
+ 1 5n+ 2wkmax

+ 7

RNS-to-bin CRT (2n+ log2(N + 1))(N − 1) + 3nN (N + 1) · (5n + 2wkmax
+ 7)

MRC (2n+ log2(N + 1))(N − 1) 3N · (5n+ 2wkmax
+ 7)

based RNS is in the dedicated conversion blocks, depicted
in Figs. 5 and 6; the CRT based conversion block required
2.54 more circuit area than the MRC one. It can be noticed
that the CRT conversion block requires an additional final
adder modulo M.

The delay analysis is difficult to realise, since it depends
on the amount of arithmetic operations that needs to be per-
formed. The overhead of the direct and reverse conversion
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Figure 8 Total area resources of the full RNS.

becomes less significant with the increase of the number
of arithmetic operations. To better evaluate this impact, the
results herein presented consider 1, 10, and 100 arithmetic
operations for each set of direct and reverse conversions.
Figure 9 depicts the results, also normalized to the consid-
ered Binary implementation. As expected, a system using
the Binary representation has better delay performances
when a single arithmetic operation is considered. Given
the simple moduli set it adopts, the Traditional architec-
ture is the one suggesting less relative degradation, being
around 1.3 times slower than the Binary. The architecture
proposed by Mohan is 2.2 times slower than the binary,
and around two times slower than the Traditional. The Ska-
vantzos architecture also suggests a degradation in delay
when compared with the Binary based system, being in
the order of 3.3 times slower. The Skavantzos architecture
also suggests a degradation in delay, when compared with
the Traditional RNS system, being 2.6 times slower. The
proposed MRC architectures, with 8, 16 and 32 modulo
channels suggests the worst delay performance, when con-
sidering one arithmetic operation per conversion, to be 15
to 10 times slower than the Binary. The proposed CRT con-
version imposes a lower delay degradation than the MRC
conversion, being 7.5 to 5.2 times slower than the Binary.
In this case, the delay performance degradation is imposed
mostly by the conversions, which are heavier in RNS with
more moduli channels.

Considering 10 arithmetic operations per conversion,
almost all the RNS architectures suggest better delay per-
formances than the Binary implementation. However, the
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Figure 9 Delay and ADP of the full RNS for the various RNS architectures.

proposed MRC architectures are slower than the Binary for
all the dynamic range considered. The proposed CRT sys-
tem only has a worst delay performance than the Binary,
for dynamic ranges below 128 bits. The system proposed by
Skavantzos suggest the best delay performances.

When considering 100 arithmetic operations, the con-
version cost becomes negligible. The Skavantzos 8 channel
RNS is, as expected, the one suggesting better delay perfor-
mances. This is due to the use of a moduli set composed by
modulo channels in the form {2n± 1}, thus allowing the use
of optimized modulo arithmetic units [33]. Furthermore, it
uses a dedicated structure for the conversion from RNS-to-
binary. In this scenario, the proposed RNS with 16 and 32
channels suggests performance gains of up to 2.5 times in
comparison with the Traditional RNS, and up to 7.5 times
regarding the Binary system. The proposed RNS supported
by the CRT conversion algorithm allows the lowest delay

for dynamic ranges above 256 bit, being particular suited for
cryptography applications.

To better evaluate the considered RNS the Area-
Delay-Product (ADP) efficiency metric is also considered.
Figure 9 presents the ADP efficiency metric considering
1, 10, and 100 arithmetic operations per conversion. From
these results, it can be concluded that all RNS have worst
ADP performance than Binary system, when considering a
32 bit dynamic range. However, the Traditional RNS solu-
tion is always the best RNS solution for 1 operation between
a dynamic range of 64 and 1024 bit, as expected from the
previous results. For 1 operation, with a DR greater than
2048, the proposed 32 channel system with CRT conversion
has the best ADP metric.

For the 10 operations scenario, and considering the full
RNS, the Traditional implementation has the best efficiency
for DR up to 256. However, the proposed architecture has
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better ADP values for DR greater than 256, achieving up
to 50 % better RNS processors. Furthermore, the proposed
architecture only has worst ADP values than Binary, for DR
smaller than 64 bits, as expected since this scalable archi-
tecture is based on a serial conversion form binary-to-RNS
and RNS-to-binary.

When considering 100 arithmetic operations, the pro-
posed architecture is overall the best solution, achieving, on
average, a gain of 70 % in comparison with the Traditional
RNS, and gains up to 90 % when compared with the Binary
system. Even thought being more efficient in the arithmetic
operations, the Skavantzos RNS is always the worst imple-
mentation when considering the ADP metric, given its area
requirements, in particular due to the ROM based reverse
conversion, using up to 85 % of the resulting system area.
The Mohan architecture always suggests worse or similar
ADP metrics when compared to the Traditional based sys-
tem. From the theoretical analysis the proposed CRT based
architectures allows to have better ADP performance than
the MRC based one.

In order to validate the theoretical analysis, the chan-
nel’s arithmetic blocks were described in VHSIC Hardware
Description Language (VHDL) and mapped to the UMC
90 nm CMOS technology [7]. Both synthesis and mapping
were performed using Design Vision Version E-2010.12-
SP4 from Synopsys. The experimental results were obtained
in an AMD Phenom II X4 945 Quad Core at 3.0GHz, with
12GB of RAM at 1333MHz and 32GB of swap memory.
The obtained experimental results for area and delay are
presented in Fig. 10. Note that the results for the Binary
system between 512 and 4096 bit (dashed line) where esti-
mated based on the results obtained for the range of 32 to

256 bit, since for values greater than 256 bit was not able
to synthesis the circuit. The results confirm the theoretical
estimations, suggesting that, for an 8 channel RNS, the Ska-
vantzos architecture has the best arithmetic performances to
DR up to 512 bits, however at a high conversion cost [18].
The best arithmetic performances, both in area and delay,
are obtained for the 16 and 32 channel RNS, using the archi-
tecture herein proposed. The results suggest arithmetic gains
of more than 20 times in delay and an area reduction of 90 %
regarding the Binary system. Furthermore, when comparing
the proposed systems with the Traditional RNS the results
suggest arithmetic gains of more than 5 times in delay and
an area reduction of 77 %. Also, a delay improvement of
17 % and an area reduction of 23 % regarding the arithmetic
operations performed by the Skavantzos RNS. When con-
sidering large dynamic ranges, the use of RNS with a larger
number of channels, with the consequent lower channel
width, leads to better delay performances in the arithmetic
channels, and reduces the area requirements as depicted in
Fig. 10. When considering the ADP efficiency metric, the
proposed arithmetic channels have the best efficiency metric
for DR greater than 512 bits. For lower DR the Skavant-
zos system is the more efficient implementation. However,
when considering the full RNS system, the proposed archi-
tecture can lead to better efficiency metrics even for lower
DR, as 256 bits.

In conclusion, the work herein proposed suggest that an
efficient and scalable RNS architecture can be achieved
when compared with the binary and the RNS state of the
art. The results also suggest that, for the same number of
channels, this architecture has similar ADP efficiency met-
rics than the existing state of the art, while conveying a high

Area Delay ADP
DR (bits) DR (bits) DR (bits)

a b c

Figure 10 Experimental results of channel arithmetic blocks.
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flexibility to adapt the architecture to the desired number of
modulo channels and DR.

Furthermore, this work suggest that the Residue Number
Systems allows better performances than the binary imple-
mentations, even for small dynamic ranges (as 32 bit) when
considering at least 10 arithmetic operations.

The work herein presented can be considered as the
first step towards the development of a flexible and adapt-
able comprehensive framework to automatically design
RNS processors. This RNS framework can also be used to
advance the development of novel moduli sets and opti-
mized reverse converters.

5 Conclusions

In this paper a compact and scalable RNS architecture is
proposed, allowing the design of RNS based processors
for any {2n ± ki} moduli set. The herein proposed RNS
architecture is composed of modulo {2n ± ki} channels,
making use of a unified arithmetic structure. This structure
allows modular additions, subtractions, and multiplication
operations, with or without accumulation, while also sup-
porting the needed forward and reverse conversions. The
proposed architecture allows to use two reverse conversion
algorithms, the Chinese Remainder Theorem and the Mixed
Radix Converter. With the proposed architecture the delay
and area cost of dedicated processors are reduced while
further exploring the parallelism and carry-free character-
istic of RNS. The presented performance analysis suggests
that better performance metrics can be obtained with the
proposed RNS architecture when a sufficient number of
arithmetic operations are performed between conversions.
When considering the complete RNS, with more modulo
channels, area, and delay improvements up to 50 % can be
achieved. Furthermore, when considering efficiency met-
rics such as ADP, the proposed architecture can be more
efficient even when considering as few as 10 arithmetic
operations per conversion for DR greater than 512 bits. In
conclusion, the presented results suggest that the proposed
RNS architecture allows a scalable and compact implemen-
tations with competitive performances when compared with
the usually binary representation and the RNS related state
of the art.
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