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Base Transformation With Injective Residue Mapping
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Abstract—Many RNS-based implementations of digital signal
processing algorithms have experienced the overkill of arithmetic
operator sizes due to the choice of moduli set to accommodate for
the occasional high precision operations. As the sizes of modulo
arithmetic operators are fixed by the choice of their moduli, they
are not scalable even if there is a subsequent reduction in the
dynamic range. This paper introduces the notion of base trans-
formation to complement residue scaling in reducing the overall
arithmetic processing costs of multi-base RNS. A new algorithm is
proposed to directly map the residues of signed integers from one
modulo-arithmetic friendly base
to another , to reduce
the word lengths of residue arithmetic operators by bits along
with the reduction of dynamic range. It infers the quantized
segment in directly from the quantized segment of the input
residues in to avoid the complex reverse conversion and sign
detection operations. Our synthesis results show that its VLSI
implementation efficiency, in terms of area-delay product and
energy consumption, outperforms the best possible improvised
solution and the approach of removing one modulus channel.
Noticeably, the improvements enhance with increasing .
Index Terms—Digital arithmetic, modulo arithmetic, residue

number system, sign detection, special moduli set.

I. INTRODUCTION

R ESIDUE number system (RNS) has emerged as a
promising internal data representation for hardware

acceleration of application-specific digital signal processors
(DSPs) [1]–[4]. Due to its high parallelism and modularity,
RNS-based arithmetic is found to be particularly beneficial
in DSP datapaths dominated by a large number of additions,
subtractions and multiplications. In [1], a one-dimensional dis-
crete wavelet transform (DWT) architecture based on RNS was
proposed. The results of the standard cell based implementation
of the RNS-based and two's complement (TC)-based DWT
architectures with 4-tap and 8-tap filter banks show that the
RNS-based implementation was approximately 90% faster with
slightly larger circuit area. The RNS-based 16-tap FIR filter
proposed in [2] was implemented using arithmetic friendly
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moduli of the forms and . The design outperforms
its TC counterpart in area-delay product for the dynamic range
spanning from 20 to 40 bits. In [3], the word length restriction
of the transform modulus of Fermat number transform (FNT)
has been relaxed by decomposing it into two moduli of smaller
word lengths. It was found that the arithmetic units can be made
more compact and faster than existing solutions of comparable
dynamic range. Lately, a new fault-tolerant method called joint
RNS reduced precision redundancy (JRR) [4] was introduced
to enhance the reliability of voltage-overscaling (VOS) RNS
based DSP to achieve significant power saving over the con-
ventional TC-based methods.
With Systems-on-Chip (SoC) integration, the impact of DSP

core on die size has greatly reduced. To leverage the advan-
tages of rescaling, more than one DSP cores with datasets of
distinct dynamic ranges are integrated. One example is the inte-
grated audio and video processing in a multi-media SoC. While
audio is usually sampled at a low rate with high accuracy, video
may have higher data flow and greater tolerance for processing
errors. Their integration calls for arithmetic units of multiple
precisions to optimize the overall processing cost, performance
and output quality. The dynamic range of fixed point operations
may also vary with the operational contexts. For example, a
radar system used for navigation and guidance may require a
wider dynamic range for tracking but need only a small subset
of range for target acquisition and identification. With dynamic
range fixed by a single moduli set, the advantages of RNS may
not be fully exploited in these applications.
In RNS, the moduli set is selected upfront to cater for the

dynamic range of the largest intermediate operations, which are
usually exceedingly higher than the final output precision of
the system. Although scaling [5]–[8] enables a reduction of the
dynamic range, the operation itself does not allow to change
the underlying hardware structures to more efficient ones
on-the-fly. In concrete, the sizes of the residue operators cannot
be changed independently to adapt to the scaled operands,
unless the moduli that define the residue operators can also
be shrunk accordingly. With a single base, there is limited
flexibility to trade quality (accuracy) for performance when
there is a distinct change in the dynamic ranges of operations.
In some applications such as adaptive filtering [9] and fixed
coefficient FIR filtering [10], the intermediate results may
expand rapidly and then gradually converge to the final output
precision. If a smaller moduli set is selected based on the final
output precision to conserve area and power consumption of
the residue arithmetic operations, more frequent scaling and
larger truncation errors may be incurred. With a multi-base
RNS, overflow can be minimized to reduce scaling errors in the
larger moduli set and the sizes of the modulus operators can
be reduced when operating in the smaller moduli set after the

1549-8328 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



TAY et al.: BASE TRANSFORMATION WITH INJECTIVE RESIDUE MAPPING FOR DYNAMIC RANGE REDUCTION IN RNS 2249

intermediate computation results have converged. The change
in dynamic range of intermediate computations of an applica-
tion can usually be detected at design time by adopting some
self-validated numeric analysis such as affine arithmetic [11].
Moreover, certain difficult inter modulus channel operations,
such as sign detection and scaling, can be more efficiently
carried out in the smaller than larger moduli set. Base transfor-
mation from larger to smaller moduli set thus plays a pivotal
role in the multi-base RNS.
In [12], it was proposed to vary the number of modulus chan-

nels when the dynamic ranges of intermediate computations
change. Although this method incurs minimal hardware over-
head on the additional buffers, it can only be implemented on
serial-by-modulus residue arithmetic operation, which is signif-
icantly slower. By removing one or more modulus channels to
reduce the dynamic range, the sizes of residue arithmetic oper-
ators in the remaining modulus channels are not reduced, and
the target dynamic range is severely limited by the product of
the remaining moduli. For the special three-moduli set

, the delay of the residue-to-binary converter is
comparable to that of the modulo multiplier in the critical mod-
ulus channel [13]. As the transcoding is usually performed once
at the end of the datapath, after applying several residue arith-
metic operations, better performance can be achieved by using
smaller arithmetic operators, while preserving parallelism [14],
[15]. To have higher flexibility and gain in performance, the re-
duction in dynamic range should be accompanied by a reduction
in the sizes of the moduli, which motivates the research for a
more efficient base transformation than the downright approach
of the reverse conversion from the large moduli set followed by
a forward conversion to the small moduli set.
In this paper, we propose to reduce the word lengths of the

residue operations in application-specific DSP by base trans-
formation. Using base transformation to prune the unused dy-
namic range enables the area, power and delay for all arith-
metic operations to be simultaneously reduced in the new base,
without sacrificing the parallelism and modularity of the orig-
inal RNS base. This new paradigm of range adaptation is made
possible for the first time with the herein proposed algorithm to
efficiently remap the residues of a signed integer from an arith-
metic friendly three-moduli set
to another arithmetic friendly three-moduli set

, where is an integer in the range
. Since is a positive integer, the dynamic range and the word

length of each modulus of are always smaller than those of
. As the parameters , and can be changed to suit the

desire dynamic range, and represent not just one but a
rich combination of multi-base RNS possibilities. The proposed
subranging algorithm directly maps the quantized segment of
the residues in the domain of to its corresponding quantized
segment in the codomain of , thus avoiding the need for a
complex full reverse conversion and greatly simplify its sign
detection. It results in significant saving in hardware resources
compared with the best possible improvised solution, especially
when the dynamic range reduction is large, i.e., when is high.
This paper is organized as follows. Section II provides the

fundamentals of RNS and special properties of mod arith-
metic operations. Section III introduces the concept of injective
residue mapping for base transformation. The proposed algo-
rithm and the architecture for its implementation are presented

in Section IV. In Section V, the proposed design is evaluated
against the best improvised solution based on unit-gate model
and synthesis results. Section VI concludes the paper and iden-
tifies some future research direction towards the paradigm of
multi-base RNS.

II. RESIDUE NUMBER SYSTEM (RNS)

In an RNS of base (a.k.a. moduli set) ,
any unsigned integer within the dynamic range

has its distinctive residue representation of
, where the residue digits are computed by

finding the least positive remainder of the division of by .
In an RNS with symmetrical positive and negative ranges, the
residue representation of a signed integer can be mapped to
its unsigned counterpart under the same moduli set by using
the following congruence:

(1)

where denotes the largest integer less than or equal to .
Using this mapping, the relationship between and under

the same base can be written as:

if
if

(2)

where represents the sign of .
In symmetric signed residue representation, the sign of

can be determined by checking if falls in the lower or upper
half range [7]. When is even,

if
if

(3)

When is odd,

if

if
(4)

The magnitude can be computed from its residue represen-
tation by using the Chinese Remainder The-
orem (CRT) [16]:

(5)
where , is the multiplicative inverse of

, and is an integer in the range .
Alternatively, can be recovered by using the serial Mixed

Radix Conversion (MRC) technique [16]. For a baseline two-
moduli set , can be recovered by MRC from its
residue representation as follows [16]:

(6)

where is the multiplicative inverse of .
To simplify the circuit implementation, lookup tables are typ-

ically avoided by exploiting modular arithmetic properties of
special moduli of the forms , and [17]–[20].
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The following properties of and moduli have been
used extensively in memoryless RNS circuit design.
Property 1: The mod multiplication of an -bit integer
by 2 to the power of can be performed through a circular left

shift of the bits of by positions [5].

(7)

where represents the circular left shift operation.
Property 2 [5]:

(8)
where represents the one's complement of .
Property 3: The mod multiplication of an -bit integer
by 2 to the power of is equivalent to the mod

addition of the one's complement of the left shifted by
positions with a correction factor of [21].
Proof:

(9)

where denotes the -th bit of the binary representation of .
Since , we

have

(10)

where denotes the complementary circular left
shift operation of the -bit word by bits.
Property 4: The mod negation of can be expressed

as [22]:

(11)

III. INJECTIVE MAPPINGS FOR BASE TRANSFORMATION

Let be the residue representation of an
unsigned integer in an RNS of base
with dynamic range , and
be the RNS representation of under a different base

with a dynamic range ,
where and can be any positive integer larger than 1.
Fig. 1(a) shows the domain and codomain of mapping an
unsigned integer from RNS of base to

for . The most intuitive way of
accomplishing this is to perform a reverse conversion from

to , followed by a forward conversion of
to obtain . For an injective mapping,

has to be bounded by . This criterion can be assured by
scaling before the residue mapping if it falls outside the
bound .
Remapping of the residue representation of signed in-

teger from the base to the base
is more involved. It requires additional

computations in comparison with the unsigned counterpart.
Fig. 1(b) shows the domain and codomain of the mapping of
from an RNS base with a larger dynamic range into one with
a smaller dynamic range. The injection in the residue domain
can be performed by first computing the magnitude and the

Fig. 1. Base transformation of (a) unsigned integer ; and (b) signed integer
for .

sign of from before computing by (2).
The value of recovered from the residue representation of

is different for different bases. in is
related to in by:

(12)

Substituting (12) into (2),

(13)

After the computation of from by (13), each residue
of can be generated by . For symmetric
signed residue representation, the positive and negative integers
will fall into the lower and upper half ranges, as shown in Fig.
2 for the mapping of the residues of to those of . The
mapping is a bijection for all .
IV. PROPOSED BASE TRANSFORMATION ALGORITHM AND

ARCHITECTURE FOR DYNAMIC RANGE REDUCTION
The proposed algorithm aims to transform the base of the

residues of a signed integer, ,
from to

, where and .
It should be noted that with different combinations of
and , and represent a large number of modular
arithmetic friendly three-moduli sets. Since is a positive
integer greater than or equal to 1, the dynamic range

of is always greater than the dynamic
range of . For to have a
unique residue representation in , it is assumed to be an
integer within the range .

A. Algorithm
Let be the residue representation of in . The

residues can be computed from by modulo reduction of
using (13):

(14)
(15)
(16)

From (15), the binary representation of corresponds to the
least significant bits of . According to (14) and
(16), and cannot be computed directly from the residues

of in without having computed first.
To avoid a full residue-to-binary conversion for , the range

detectionmethod [23] is used to determine and eliminate many
unnecessary computations when is large. Let be the mag-
nitude corresponding to the residues in a two-moduli
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Fig. 2. Mapping of to for .

Fig. 3. Division of into subranges of integers.

set RNS . By treating as a two-moduli
set, can be computed from by (6):

(17)

where the multiplicative inverse of is
and .

Since , can be quantized into
divisions [23], each with an equal range of integers as
shown in Fig. 3. From (17), each division can be uniquely tagged
by . It should be noted that not all divisions
tagged by are occupied by due to the criterion for injective
mapping of from to .
As for the considered moduli set is always even, if is

negative, based on the condition
for in (3). According to (17), is greater than or equal to

when . In other words, can be determined
from the most significant bit (MSB) of , i.e., (the
index, , represents the position of the binary bit of ).
It is further noted that the domain of is confined to

for injective mapping, and
the middle divisions will not be occupied. Each half range of
the codomain is mapped from an equal number of valid di-
visions at the two tails of the domain , as shown in Fig. 2.
Since the size of each division is , the number of valid
divisions, , can be calculated as follows:

(18)

where denotes the smallest integer greater than or equal to
.
As and , the second term of (18) is always less

than 1. Thus, (18) can be simplified to

if
if

(19)

Equation (19) shows that is dependent on , which is a pa-
rameter of the transformed base. A larger means a smaller dy-

namic range of the target moduli set , and hence a smaller
.
Due to the symmetry of the signed residue representations, it

turns out that the sign of and the exact divisions in which
falls can be readily identified by the least significant

bits of . The remaining bits of can be construed as its sign-
extended bits. That is, can be formed by the concatenation of
two binary substrings:

(20)

where is the least significant bits of and is a
constant binary string with all bits equal to is bits long
if , and bits long otherwise. In fact,
can be determined by the MSB of , i.e., .
Since and

, can be expressed as

(21)

Substituting (21) into (17),

(22)

Comparing with the computation of by (17), only
bits of , as opposed to bits of , need to be
computed. The sign bit can be directly obtained from theMSB
of to gate the constant integer , which can
be pre-computed once the moduli sets and have been
selected.
By substituting (22) into (14) and (16), and can be

calculated by:

(23)

(24)

where and
.

The following example illustrates the computation steps of
the proposed algorithm.
Example 1: Assume , , ,

, and . Since ,
from (19), can be computed as . As shown in
Fig. 4, two divisions from each end of the range are mapped
respectively to the lower and upper half ranges of . Let
the signed integer . Its residue representation
is in . From (15), can be
computed as . Since in RNS

, its magnitude is decoded to be 59. From the
definition of in (17), .
From (20), and . From the MSB of ,

. Substituting , , and into (23) and (24), we have
and

.
Thus, the proposed base transformation yields the residue
representation of (8, 13, 2) in . It can be verified by reverse
conversion that it corresponds to the integer—1987.
The above example shows that , and need to be com-

puted from to obtain . Their hardware
implementations will be discussed below.
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Fig. 4. Mapping of valid divisions for base transformation from to for
, , and .

Fig. 5. Architecture of the proposed base transformation algorithm.

B. Architecture
Fig. 5 shows the architecture for the proposed base transfor-

mation algorithm. It consists of two major blocks for: i) com-
puting and , and ii) remapping of residues. The former
block consists of modified full adders (MFAs), and two par-
allel prefix adders with a common fast carry input (FCI). The
latter block is composed of an end-around-carry (EAC) carry
save adder (CSA) tree, an inverted EAC (IEAC) CSA tree, a
mod adder, and a -bit parallel prefix adder
with FCI. The numbers of input operands to the EAC CSA and
IEAC CSA trees are represented in Fig. 5 by and , respec-
tively. The derivation and implementations of these blocks are
detailed as follows.

is computed from and by CRT in (5).

(25)

where is the multiplicative inverse of with
respect to , is the multiplicative inverse of

with respect to , , and
.

By applying the circular left shift Properties 1 and 2, and
merging zero substrings, and can be expressed as:

(26)

(27)

From (26), can be computed by simply rearranging the
bits of . On the other hand, the expression of in (27) is
dependent on . Since , when
' and ' . Under this condition, can be

expressed as a constant as shown below.

(28)

where .

When , '. Therefore,

(29)

where .

Substituting (26), (28) and (29) into (25), can be com-
puted by:

if
if (30)

The mod addition of (30) is illustrated in Fig. 6.
It consists of two stages. Stage 1 performs a simplified carry
save addition of two variables and one constant -bit vectors.
The addition operations at each bit position are divided into two
groups, and ,
which can be performed by the MFA shown in Fig. 7. The MFA
is made up of two modified half adders, denoted by MHA1 and
MHA2, which are used to compute the sum and carry bits for the
two groups. The sum and carry bits are then rearranged using
the bit rewiring module in Fig. 5 to form the -bit sum and
carry vectors, and , for the subsequent addition operation
in Stage 2 of Fig. 6. Due to the end around carry of mod
addition in Stage 1, the vacant LSB position of the carry vector
is replaced by its MSB bit, , in Stage 2, as indicated by

the arrow in Fig. 6. Thus, the mod addition in Stage 2
can be written as:

(31)

where is the end around carry, which is the carry
output of the binary addition of and .
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Fig. 6. Addition stages required for computation.

Fig. 7. Bit slices of MHA1 and MHA2 in Fig. 6 and MFA in Fig. 5.

Fig. 8. Addition stages for the computation of .

Equation (31) can be implemented using a -bit parallel
prefix adder with as the FCI.
Since (see its definition in (17)), can

be computed by:

(32)

Fig. 8 illustrates the modulo addition of (32). Since is a
power-of-two integer, modulo addition is equivalent to a bi-
nary addition with the carry output discarded. Stage 1 performs
the carry save addition of the first three terms of (32). The re-
sulting sum and carry vectors are denoted by and , respec-
tively. Stage 2 computes . It can be imple-
mented using a -bit parallel prefix adder with as the
FCI. If , the circuit can be simplified to only
three XOR gates.
Fig. 9 shows the complete architecture of the parallel prefix

adders with FCI used for the computations of and for
, , and . The carry output signal is shared

by both prefix adders.
The block “remapping of residues” in Fig. 5 computes

from , , , and . According to (15),
can be obtained from the input directly without requiring
any hardware. The remaining two residues, and , in base

are computed from , , and according to (23) and
(24). The role of the bit rewiring modules in the and
modulus channels of the remapping of residues block is to
rearrange the bits of , and before they are fed into
EAC CSA and IEAC CSA trees for subsequent additions, while
the bit rewiring module in the modulus channel simply
routes the least significant bits of to . To
facilitate the modulo reduction of , the -bit
integer is decomposed into a weighted sum of -bit

Fig. 9. Parallel prefix adders with FCI for , , and .

integers. Let denote the -th substring of bits. Then
can be expressed as:

(33)

where .
Substituting (33) into (23), since
,

(34)
The word length of is , which may exceed

bits. To ease the modulo reduction, it can also be
decomposed into a weighted sum of sub-integers where

. From the expression of in (19) and
,

(35)
When , . By

applying Properties 1 and 2, (34) can then be simplified to:

(36)

When , . Hence,

(37)

These modular additions can be implemented by using
-bit EAC CSA tree followed by a mod adder

as shown in Fig. 5. From (36) and (37), the number of input
operands of the -bit EAC CSA tree is given by:

if
if (38)

Since , can be similarly
computed by decomposing and into weighted sums of
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Fig. 10. Architecture in comparison.

-bit integers to simplify the modulo reduction. By sub-
stituting (33) and into (24), we have

(39)

By applying Property 3 on (39),

(40)

When is even, (40) can be simplified by Property 4 to

(41)
A constant correction factor of is introduced in (41)

due to the application of Property 4. In [24], the multi-operand
mod adder is simplified by introducing an all zeros -bit
vector. Using this technique, the correction factor of in
(41) can be eliminated by introducing an additional all zeros

-bit vector to make the number of input operands equal
to , which can be reduced by an IEAC CSA tree of

-bit IEAC CSAs. Let and be the final sum and carry
vectors generated by the IEAC CSA tree. As each -bit
IEAC CSA will introduce a correction factor of 1, we have

(42)

When is odd,

(43)

In this case, the number of operands of the IEAC CSA tree
has to be in order to eliminate the correction factor of

. By applying the same technique, two all zeros -bit
vectors are added. The final sum and carry vectors of the IEAC
CSA tree, as well as the correction factor introduced by the

-bit IEAC CSAs is given by:

(44)

Combining both cases, the number of input operands of
the -bit IEAC CSA tree can be expressed as:

if is even
if is odd (45)

By substituting (42) into (41) for even , and (44) into (43)
for odd , we have

(46)

Thus, can be obtained by using a mod adder
to add the sum and carry vectors with a carry input of 1. A
better implementation of this final modular adder is realized by a

-bit parallel prefix adder with FCI, as indicated in Fig. 5.
Based on the analysis of [24], this method of implementation
not only reduces the hardware complexity of the final modular
adder but also decreases the number of IEAC CSAs required by
the IEAC CSA tree.

V. EVALUATION AND COMPARISON

To the best of our knowledge, this is the first attempt to di-
rectly remap the residues from one moduli set to another. In
the absence of any prior art, the best possible improvisation is
constructed from the most efficient residue-to-binary converter
of moduli set , a comparator with constant to detect the sign
from the binary representation of , and the most efficient

residue generators for moduli set . The improvised architec-
ture is shown in Fig. 10.
The residue-to-binary converter is implemented by the archi-

tecture proposed in [25]. The residue is directly wired from
. The mod residue generator is implemented by

an EAC CSA tree and mod adder. The latter is im-
plemented by the design proposed in [27]. The mod
residue generator is implemented by the architecture proposed
in [24]. By changing the values of , , and , many different
combinations of moduli sets for and can be formed. For a
dynamic range of ranging from 24 to 80 bits, , 12,
16 and 20 are considered. For each value of , three different
values of are considered: , , and . For the chosen
and , to ensure that of is not too small relative to ,

, , and are considered.
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TABLE I
COMPARISON OF UNIT-GATE AREA AND DELAY

A. Unit-Gate Analysis

The hardware area and delay of the proposed and reference
designs are first estimated by the unit-gate model [26]. Under
this model, a two-input monotonic gate, such as , OR,

or gate, has one unit of area and one unit of
delay, an or gate has two units of area and two
units of delay, and an inverter has zero area and delay. A full
adder (FA) has seven units of area and four units of delay.
The unit-gate areas and delays of the proposed (This) and

reference (Ref) designs are compared in Table I, where
. In general, the proposed design has

slightly larger unit-gate area than the reference design when
. When , the proposed design is always smaller

than the reference design, with up to 38.65% of improvement.
Owing to the dominant area reduction of the merged and

computation, the percentage area reduction increases with
except for a few outliers. In addition, the proposed design is

always faster, with the improvement ranging from 21.05% to
32.88%. This is attributed to the avoidance of full residue-to-
binary conversion and simplified sign detection.

B. Synthesis Results

Both designs were described in Verilog HDL and synthe-
sized by Synopsys Design Compiler version E-2010.03 based
on STM 65 nm CMOS technology library (CORE65GPSVT,

TABLE II
COMPARISON OF SYNTHESIZED AREA AND DELAY

ver. 5.1). Recursive speed optimizations of each circuit are per-
formed to obtain its minimum delay. The results are shown in
Table II.
The synthesized area shows similar trend of increasing the

percentage of area reduction of the proposed design with ,
as in the unit-gate analysis. Unlike the unit-gate analysis, the
proposed design is not always faster. This is mainly due to the
Ladner-Fisher parallel-prefix structure used for the implemen-
tation of some of the modular adders in the proposed design,
which generally has larger fan-out when the operands are large.
The percentage reductions of area-delay product are plotted in
Fig. 11. There are four sections in the chart corresponding to

, 12, 16 and 20. The integers marked on the -axis of
each section refer to the values of for each . The blue, green
and red bars correspond to , and , respectively. It
is evident that the reduction in area-delay product increases with
for all cases except for a few outliers, which implies that the

area-time efficiency of the proposed design is more prominent
when the base transformation results in larger dynamic range
reduction.
The power consumptions of both designs operating at their re-

spectivemaximum frequency are alsomeasured using Synopsys
PrimeTime PX. Monte Carlo simulation [28] is used where a fi-
nite number of randomly generated inputs are fed into a design
until it reaches 99% confidence level that the error of its av-
erage power estimation is less than 2.5%. The total and leakage
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Fig. 11. Percentage reduction of area-delay product.

TABLE III
COMPARISON OF TOTAL POWER AND LEAKAGE POWER

power consumptions of both designs are compared in Table III.
Since the designs have different speeds, their energy consump-
tions per operation are also compared. The percentage reduction
of the power-delay product of the proposed design over the ref-
erence design is plotted in Fig. 12. A similar trend of percentage
reduction as that of the area-delay product with increasing is
observed in Fig. 12.

C. Comparison With Removal of One Modulus Method
The dynamic range of can also be reduced to , or

bits by removing one of the or mod-

ulus channel at the expense of having larger modular operators
and reduced parallelism than using our proposed base transfor-
mation method for the same reduction. Unlike the removal of
a modulus channel, which is very restrictive on the target dy-
namic range, the proposed base transformation method allows
any desired extent of range reduction to be achieved easily by
selecting the appropriate , since .
Fig. 13(a) shows the typical architecture of a three-moduli set

RNS-based inner product step processor. The dynamic ranges of
Datapaths 1 and 2 are and , respectively with .
Both datapaths are composed by multiply-accumulate (MAC)
units; each MAC unit includes a modular multiplier and a mod-
ular adder. Figs. 13(b) and (c) depict the inner product step
processor architectures for the proposed base transformation
method and removal of one modulus channel method, respec-
tively, for achieving the same dynamic range reduction. The
hardware costs of the three architectures are evaluated using
unit-gate analysis. Since the hardware costs of the binary-to-
residue converter and Datapath 1 are identical for the three ar-
chitectures, they are omitted in the comparison. Datapath 2 in-
cludes mod adder, mod adder, mod adder,
mod multiplier, mod multiplier and mod
multiplier. The mod adder, mod adder, mod

multiplier and mod multiplier are assumed to
be implemented with the designs in [27], [29]–[31], respec-
tively, and their unit-gate delays and areas can be excerpted
from these papers. Mod adder and multiplier do not re-
quire end-around carry propagation and correction constants.
They are typically implemented with similar efficiency as their
binary counterparts by discarding all bits of weight greater than

in the parallel prefix and carry-save additions. In this anal-
ysis, the mod adder is implemented using Ladner-Fischer
parallel prefix adder tree while the mod multiplier is im-
plemented using Dadda tree adder. The unit-gate delay and area
of mod adder are estimated to be
and units, respectively
while the unit-gate delay and area of mod multiplier are
estimated to be and

units, respectively, where
is the Dadda's tree depth function (see Table II of [31]).

Let RM-1, RM-2, and RM-3 denote the methods of removing
and modulus channels, respectively. The

residue-to-binary conversion of RM-2, with and as the re-
maining residue digits, can be implemented using our proposed
method for the computation of . Its unit-gate delay and area
are and units, re-
spectively. As there is no existing design for the residue-to-bi-
nary converters of RM-1 and RM-3, they are assumed to be
implemented by the two-moduli MRC technique in (6). The
unit-gate delay and the unit-gate area of the
residue-to-binary converter for RM-1 are estimated as follows:

if
otherwise (47)

if
otherwise (48)

Similarly, the unit-gate delay and the unit-gate
area of the residue-to-binary converter for RM-3 are
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Fig. 12. Percentage reduction of power-delay product.

Fig. 13. Architectures of RNS-based inner product step processor: (a) dynamic
range reduction unexploited; (b) dynamic range reduced by the proposed base
transformation; (c) dynamic range reduced by the removal of one modulus
channel.

estimated as follows:

if
otherwise (49)

if
otherwise (50)

Fig. 14 depicts, in percentage, the reduction in the area-delay
product achieved by using the proposed design and the
removal of onemodulus channel methods to reduce the dynamic
range from (with and ) of Data-
path 1 to three different dynamic ranges 27, 24, and 21
bits of Datapath 2. Datapath 2 of 10, 15, and 20 MAC units are
considered. Since it is not possible to reduce the dynamic range
from 36 bits to 27 bits by removing any modulus channel, only
the for the proposed method is shown for . The
proposed method has the highest in all cases, with
steadily increasing with the number of MAC units. On the con-
trary, due to the removal of any modulus channel declines
slightly with the increasing number of MAC units. This shows
that the proposed method can better exploit the dynamic range
reduction than the removal of modulus channel, improving fur-
ther the area-time efficiency of the overall system.

Fig. 14. The percentages of reduction on area-delay product by using the pro-
posed design (proposed), RM-1, RM-2, and RM-3 to reduce the dynamic range
from bits to 27, 24, and 21 bits with datapath of 10, 15,
and 20 MAC units.

VI. CONCLUSION AND FUTURE DIRECTION

Reckoning the need to change the residue arithmetic unit's
precision in application-specific computations to tap the full po-
tential of RNS, this paper presents an elegant algorithm and its
efficient hardware implementation to enable base transforma-
tion in RNS. It directlymaps the residues from a signed RNS of a
three-moduli set to another three-moduli
set of lower dynamic range.
The proposed design complements RNS scaling to substantially
reduce the sizes of modulo arithmetic operators. Clear advan-
tages in terms of VLSI efficiency metrics over the best conceiv-
able improvisation to realize base transformation were demon-
strated. The savings in terms of area-delay product and energy
consumption operating at full speed are particularly pronounced
with increasing difference in the dynamic ranges of the moduli
sets, which corresponds to the situation where the advantage of
a single base RNS is heavily undermined when the numerical
ranges of the arithmetic operands have been greatly reduced.
Since the dynamic range of is (i.e.,

bits), there exist more than one three-moduli set with
different and combinations that can be chosen to satisfy any
dynamic range with up to 1 bit resolution. The dynamic ranges

and of and are determined by the application,
which means that is fixed. The optimal value of and can
be selected by using the unit-gate analysis to estimate the cost
of the proposed design for a given with all combinations of
and that fulfill .
The proposed algorithm can be suitably adapted for higher

cardinality supersets. With a larger number of moduli, there
are more choices of moduli for a greater variety of dy-
namic ranges. The restriction of , which must be an integer
ranges from 1 to , on the target dynamic range
can be lifted by adding one or two coprime moduli into
, i.e., or

, where and
can be in the form of , ,
or . The residues, and , can be computed by
modulo reduction in and using (22). These residue gen-
erators can be added into the residue remapping block shown in
Fig. 5. Alternatively, can also be modified by adding extra
moduli of similar forms. For this case, the computation units
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of and needs to be redesigned based on the same tech-
niques discussed in Section IV to simplify its implementation.
The nascent concept of exploiting base transformation for dy-

namic range reduction sheds lights on and opens new avenues
of research in the interoperability of multi-base RNS. Owing to
the quantized segments of the unmapped codomain of cannot
be inferred directly from the domain of , the proposed range
quantization method cannot be directly applied to the reverse
mapping of the residues from to . If there is a need to
expand the dynamic range back to when operating in ,
the improvised solution shown in Fig. 10, though not as opti-
mized, is still relatively more area and time efficient than its
usage for forward mapping. This is because the residue-to-bi-
nary converter and comparator with a constant is less complex
for the smaller moduli of , and the EAC CSA tree and IEAC
CSA tree of the residue generators for can be reduced for the
smaller integer converted from . The simplified reverse con-
verter of , needed anyway at the end of the datapath, can also
be reused to further reduce its cost. In the future, more efficient
new algorithms will be investigated to complete the full inter-
operability between and without resorting to any reverse
conversion.
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