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Abstract
The three-moduli set {2n, 2n − 1, 2n+1 − 1} started to receive more attention lately. This moduli set is considered an
arithmetic-friendly set because it avoids the demanding channel (2n + 1) of the traditional 3-moduli set {2n, 2n − 1, 2n + 1}.
This work considers an enhanced form of the above moduli set, {2n+k, 2n − 1, 2n+1 − 1}, and proposes a sign identifier
for numbers within the dynamic range of the set. While the published sign identifiers have dealt with the unextended form
{2n, 2n − 1, 2n+1 − 1}, this is the first sign identifier that deals with the extended form. Based on VLSI layout synthesis
for the case (k = 0), the proposed structure has less or similar area and power requirements, nevertheless, it achieves an
improved time performance in the range of (13.0–29.6)% compared with the most recent sign identifiers. When compared
with a recently published residue-to-binary converter for the moduli set {2n+k, 2n − 1, 2n−1 − 1}, which can function as a
converter-based sign identifier, the proposed detector has on average reduced area, time, and power by 175%, 106%, and
60%, respectively.

Keywords Residue number system · Computer arithmetic · Digital circuits · VLSI design

1 Introduction

The Residue Number System (RNS) is a non-conventional
representation, where numbers are represented using a
group of positive and relatively prime integers called
a moduli set. Using RNS, addition, subtraction, and
multiplication are carried on all residue digits in parallel [1–
3]. There is no carry that propagates from one RNS digit to
another. Therefore, RNS is used in applications that require
high computing speed such as public-key cryptography,
digital signal processing, and communications systems [1,
2, 4–7], where RNS provides better time performance
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and energy dissipation in many real time and embedded
processors.

Other arithmetic operations like division and sign
identification are not easy to perform [1, 2, 8]. Many
decision-making RNS-based arithmetic operations, such as
division, are also dependent on the sign of a number, or on
comparing two numbers. A considerable number of papers
have been published so far that introduced designs for
sign identifiers/detectors and magnitude comparators for 3-
moduli sets [9–18]. The bulk of these papers have focused
on the moduli set {2n, 2n − 1, 2n + 1} or its expanded
form {2n+k, 2n − 1, 2n + 1}. Less work was published for
sign detection structures for the 3-moduli set {2n, 2n −
1, 2n+1−1} [17, 18], and none dealt with its expanded form
{2n+k, 2n−1, 2n+1−1}. Sign identifiers for 4- and 5-moduli
sets have been recently considered [19–22].

The moduli set {2n, 2n − 1, 2n+1 − 1}, or its enhanced
form, avoids the relatively demanding channel (2n + 1)
which exists in the traditional set {2n, 2n − 1, 2n + 1}. A
considerable number of papers showed that the arithmetic
units, such as adders and multipliers, of the (2n +1) channel
are significantly more area, time, and power demanding
than the (2n − 1)/(2n+1 − 1) channels [23–25].

Adders and multipliers modulo (2n − 1) or modulo
(2n+1 − 1) are slightly slower than modulo 2n+k if k =
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0. Therefore, to balance the three channels, (2n+k, 2n −
1, 2n+1 − 1), the value for k (greater than 0) has to be
selected to make all the three channels operate at the same
speed. The balancing process (i. e. selecting a specific
value for k) takes into consideration the characteristics
of the architectures and the technology used in their
implementation. This makes the enhanced moduli set
{2n+k, 2n − 1, 2n+1 − 1} an arithmetic-friendly and more
appealing than the traditional 3-moduli set.

This paper is organized as follows: Section 2 defines
the notational convention adopted through out this paper.
Section 3 introduces the analysis of the sign identification
approach used for the set of moduli defined by {2n+k, 2n −
1, 2n+1 − 1}, where n is a positive integer and (0 ≤ k ≤ n).
It also proposes the first hardware structure dedicated to this
enhanced moduli set. Section 4 provides a theoretical and an
experimental evaluation for the proposed sign identifier and
compares it with the available circuits of a similar moduli
set.

2 Notational Convention

Defining a set of N relatively prime positive integers,
{m1, m2, · · · mN }, where mi is called a modulus, the
dynamic range of this set is given by M = ∏N

i=1 mi . Any
integer X ∈ [0, M − 1], is uniquely represented by N-tuple
RNS-digits (R1, R2, · · · RN), where:

• For each i ∈ 1, 2, · · · , N , Ri = 〈X〉mi
, that is, Ri

denotes the least non-negative remainder resulting from
dividing X by mi .

• Each Ri is represented by a set of li bits given by
Ri = r(i,l−1) · · · r(i,0), where li = �log2 mi� and �.� is
the smallest integer equal or greater than (.).

• m̂i is given by the formula m̂i = M/mi .
•

〈
m−1

i

〉

mi

is the multiplicative inverse of m̂i with respect

to mi , where
〈
m̂i .m̂

−1
i

〉

mi

= 1.

3 Sign Detection

The motivation of this work is to design a significantly faster
sign identifier for the three moduli set {2n+k, 2n −1, 2n+1−
1}, without imposing additional area or power requirements.
Therefore, in this section, the sign identification analysis
of this enhanced moduli set is introduced first. Then the
analysis is customized for the specific case of k = 0 for
comparison with other similar sign identifiers.

3.1 EnhancedModuli Set Analysis

Based on the new mixed-radix Chinese-Reminder-Theorem
proposed in [10], the sign detection theorem was introduced
in [17]. It states that for a moduli set given by {m1 =
2p, m2, . . . . . . , mN }, where p is a positive integer, the
variable α is an indicator of the sign of X, where:

α =
〈

N∑

i=1

m1

〈
m̂−1

i

〉

mi

mi

Ri − 1
∏N

i=2 mi

RN

〉

2p

, (1)

For the case p = n + k, the work in [17] shows that:

sign(X) =
{
0, when α ∈ [0, 2n+k−1 − 1]
1, when α ∈ [2n+k−1, 2n+k − 1] . (2)

The most significant bit of α represents the value
of sign(X), where the binary representation of α is:

p=n+k
︷ ︸︸ ︷
αn+k−1 · · · α1α0. Therefore,

sign(X) = α
n+k−1 . (3)

Equivalently, Eqs. 2 and 3 can be written as:

sign(X) =
{
Positive, when α

n+k−1 = 0
Negative, when α

n+k−1 = 1
. (4)

For the enhanced 3-moduli set under consideration, m1 =
2n+k , m2 = (2n − 1), and m3 = (2n+1 − 1). The
multiplicative inverses of the moduli set {2n+k, 2n −
1, 2n+1 − 1}, are:
〈
m̂−1

1

〉

m1
= 〈

(3)2n + 1
〉
2n+k ,

〈
m̂−1

2

〉

m2
=

〈
2n−k

〉

(2n−1)
,

〈
m̂−1

3

〉

m3
=

〈
−2n−k+3

〉

(2n+1−1)
. (5)

The proofs of the multiplicative inverses of Eq. 5 are:

• Proof of
〈
m̂−1

1

〉

m1
= 〈(3)2n + 1〉2n+k .

〈
(2n+1 − 1)(2n − 1)

〉
2n+k = 〈(−3(2n) + 1)〉2n+k .

Therefore,
〈
((−3)2n + 1)((3)2n + 1)

〉
2n+k =

〈
(−9)22n + 1

〉

2n+k
,

= 1.

• Proof of
〈
m̂−1

2

〉

m2
= 〈

2n−k
〉
2n−1.

〈
(2n+k)(2n+1 − 1)

〉
2n−1 = 〈

(2k)(1)
〉
2n−1.

Therefore,
〈
(2k)(2n−k)

〉

2n−1
= 〈

2n
〉
2n−1 = 1.
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• Proof of
〈
m̂−1

3

〉

m3
= 〈−2n−k+3

〉
2n−1.

〈
(2n+k)(2n − 1)

〉
2n+1−1 = 〈−2k−2

〉
2n+1−1.

Therefore,
〈
−2k−2(−2n−k+3)

〉

2n+1−1
=

〈
2n+1

〉

2n+1−1
= 1.

Substituting the moduli m1, m2, and m3 and the correspond-
ing multiplicative inverses in Eq. 1 results in:

α =
〈⌊

((3)2n + 1)R1 + 2n+k(2n−k)

(2n − 1)
R2

+2n+k(−2n−k+3)

(2n+1−1)
R3− 1

(2n+1−1)(2n−1)
R3

⌋〉

2n+k

.

(6)

considering the second term on the right-hand side of Eq. 6,

2n+k(2n−k)

(2n − 1)
R2 = 22n

(2n − 1)
R2

= (2n + 1)R2 + R2

2n − 1︸ ︷︷ ︸
1

Similarly, considering the third term on the right-hand side
of Eq. 6,

2n+k(−2n−k+3)

(2n+1 − 1)
R3 = −22n+3

(2n+1 − 1)
R3

= −2(2n+1 + 1)R3 − 2R3

2n+1 − 1︸ ︷︷ ︸
2

Substituting the above quantities 1 and 2 into Eq. 6:

α =
〈
((3)2n+ 1)R1 + (2n+ 1)R2 + −2(2n+1+ 1)R3

+
⌊

− 2R3

2n+1−1
+ R2

2n−1
− R3

(2n+1 − 1)(2n−1)

⌋〉

2n+k

(7)

The fractional part in Eq. 7 is defined to be f and
simplified as follows:

f =
⌊
− 2R3

2n+1−1
+ R2

2n−1 − R3
(2n+1−1)(2n−1)

⌋
,

=
⌊−2(2n−1)R3+(2n+1−1)R2−R1

(2n+1−1)(2n−1)

⌋
,

=
⌊

R2−R3
(2n−1)

⌋
.

(8)

Since R3 = 2nr(3,n) + R′
3, where R′

3 =
n

︷ ︸︸ ︷
r(3,n−1) · · · r(3,0),

then Eq. 8 can be rewritten as:

f =
⌊

R2−2nr(3,n)−R′
3

(2n−1)

⌋
,

=
⌊

R2−r(3,n)−R′
3

(2n−1)

⌋
− r(3,n),

= u − r(3,n).

(9)

where:

u =
{

0, when R2 ≥ R′
3 + r(3,n)

−1, otherwise
. (10)

Substituting Eq. 9 into Eq. 7 produces:

α =
〈
−2(2n+1 + 1)R3 + (2n + 1)R2

+((3)2n + 1)R1 + u − r(3,n)

〉
2n+k . (11)

Defining the two variables R̃3 = 〈2(2n+1 + 1)R3 +
r(3,n)〉2n+k , and R̃2 = 〈(2n + 1)R2〉2n+k , then:

R̃3 =
〈
2(2n+1 + 1)R3 + r(3,n)

〉

2n+k

=
〈
2n+2R3 + 2R3 + r(3,n)

〉

2n+k
. (12)

Since R3 =
n+1

︷ ︸︸ ︷
r(3,n) · · · r(3,0), then

2n+2R3 =
n+1

︷ ︸︸ ︷
r(3,n) · · · r(3,0)

n+2
︷ ︸︸ ︷
0 · · · · · · 0 .

When applying modulo 2n+k to the last expression, only the
least significant (n + k) bits are considered,

2n+2R3 =
k−2

︷ ︸︸ ︷
r(3,k−3) · · · r(3,0)

n+2
︷ ︸︸ ︷
0 · · · · · · 0 .

Similarly

2R3 + r(3,n) =
n+2

︷ ︸︸ ︷
r(3,n) · · · r(3,1)r(3,0)r(3,n) .

Therefore, Eq. 12 can be rewritten as a single binary word:

R̃3 =
k−2

︷ ︸︸ ︷
r(3,k−3) · · · r(3,0)

n+2
︷ ︸︸ ︷
r(3,n) · · · r(3,0)r(3,n) .

(13)

Following a similar approach, R̃2 = 〈(2n + 1)R2〉2n+k can
be written in binary format as:

R̃2 = 〈
(2n + 1)R2

〉
2n+k ,

=
k

︷ ︸︸ ︷
r(2,k−1) · · · r(2,0)

n
︷ ︸︸ ︷
r(2,n−1) · · · r(2,0) . (14)

Substituting Eqs. 13 and 14 in Eq. 11 produces:

α = 〈−R̃3 + R̃2 + R1 + 2n+1R1 + 2nR1 + u
〉
2n+k. (15)
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Figure 1 Block diagram of the proposed sign detector. The carry-
generation circuit is given in Fig. 2 and the comparator circuit is given
Fig. 3.

Defining R′
1 = 〈2nR1〉2n+k =

k
︷ ︸︸ ︷
r(1,k−1) · · · r(1,0)

n
︷ ︸︸ ︷
0 · · · 0,

and R′′
1 = 〈2n+1R1〉2n+k =

k−1
︷ ︸︸ ︷
r(1,k−2) · · · r(1,0)

n+1
︷ ︸︸ ︷
0 · · · 0, and

observing that: 〈−R̃3 + u〉2n+k = 〈R̃3 + 1 + u〉2n+k =
〈R̃3+u′〉2n+k , where R̃3 is the one’s complement of R̃3, and
u′ = u + 1, then:

u′ =
{
1, when R2 ≥ r(3,n) + R′

3
0, otherwise

. (16)

Substituting the above definitions in Eq. 15:

α =
〈
R̃3 + R̃2 + R1 + R′

1 + R′′
1 + u′

〉

2n+k
. (17)

The implementation of Eq. 17 is shown in Fig. 1. Three
Carry-Save Adders (CSAs) are used with different sizes.

CSA-1 consists of (n+k) Full-Adders (FA). CSA-2 consists
of k FAs, while CSA-3 consists of (k − 1) FAs. The
comparator circuit is a binary n-bit adder that has been
stripped down to compute the output carry (cout ) resulting
from computing (R′

3+R2+r(3,n)), where r(3,n) is considered
an input carry (cin) to the adder. Figures 2 and 3 show
the gate level implementation of the carry-generation circuit
and the comparator of Fig. 1, for the case n = 8. The
carry-generation circuit of Fig. 1 is a modulo 2n+k binary
adder that has also been stripped down to compute sign(X)

adopting a similar approach to that in [16]. The delay of this
proposed sign detector is the delay of the CSA network plus
the delay of the carry-generation circuit.

Numerical Example It is intended to determine the sign of
X = (R1, R2, R3) = (57, 12, 9), where the moduli set
is (64, 15, 31), n = 4 and k = 2. Since R3 = 01001,
using (12) R̃3 = 101101 → 45. Since R2 = 1100, using
(14) R̃2 = 001100 → 12. Since R1 = 11 1001, then
R′
1 = 01 0000 → 16, R′′

1 = 1 00000 → 32. Using (16),
u′ = 1. Applying (17), α = 〈45+12+57+16+32+1〉64 =
35 → 10 0011. Thus, αn+k−1 = 1. X is negative, where
X = 16377 ∈ [

M
2 , M − 1

]
.

3.2 UnextendedModuli Set Analysis

Considering the specific case of k = 0 (unextended set),
then: R̃2 = R2 and R′

1 = R′′
1 = 0. Hence, Eq. 17 reduces to

α
k=0 = 〈

R′′
3 + R2 + R1 + u′〉

2n . (18)

where:

R′′
3 =

n
︷ ︸︸ ︷
r(3,n−2) · · · r(3,0)r(3,n) (19)

R2 =
n

︷ ︸︸ ︷
r(2,n−1) · · · r(2,0) (20)

R1 =
n

︷ ︸︸ ︷
r(1,n−1) · · · r(1,0) (21)

Figure 2 Gate-level implementation of the carry-generation circuit of Fig. 1 for the case n = 8 and k = 5.
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Figure 3 Gate level
implementation of the
comparator of Figs. 1 and 4, for
the case n = 8 and 0 ≤ k ≤ n.

The hardware implementation of Eq. 18 is shown in Fig. 4.
The carry-generation circuit of Fig. 4 is shown in Fig. 5. The
Comparator circuit of Fig. 4 is the same shown in Fig. 3,
which works for all values of k.

4 Evaluation, and Comparison

The proposed sign identifier and the competitive work are
evaluated theoretically and experimentally. The theoretical
evaluation is based on using the Unit-Gate (U-G) model,
while the experimental evaluation is based on VLSI circuit
implementation. The competitive functionally-similar sign
identifiers available in the literature are the ones introduced
in [17] and [18]. Both works deal with the 3-moduli set
{2n, 2n − 1, 2n+1 − 1}. The sign identifiers presented in
[17] and [18] can be considered a special case of the
more general one proposed in this paper. Moreover, there
is no published work that presents a sign identifier for the
enhanced moduli set {2n+k, 2n−1, 2n+1−1}. However, [25]

Figure 4 Block diagram of the proposed sign detector for the case
n = 8 and k = 0, where the carry-generation circuit is given in Fig. 5
and the Comparator circuit is given Fig. 3.

presented a residue to binary converter for the moduli set
{2n+k, 2n − 1, 2n−1 − 1}, which can also be used as a sign
identifier for this set.

4.1 Theoretical Model

In the U-G model [23], a two input gate (e. g. AND, NAND,
OR, NOR) is considered to have an area of one unit and a
delay of one unit. The Full-Adder (FA) is considered to have
an area of 7 units and a delay of 4 units. A Half-Adder (HA)
has an area of 3 units and a delay of 2 units. An XOR/XNOR
gate has an area of 2 units and a delay of 2 units. The model
ignores inverters.

The three CSAs of Fig. 1 require a total of 7(n +
3k − 1) units of area and 12 units of delay. The other
two constituents of the sign detector are a carry-generation
circuit and a comparator, both simplified structures of
binary adders. The carry-generation circuit is a simplified
modulo 2n+k binary adder. Therefore, this circuit requires
5(n + k) units of area and

(
2�log

2
(n + k)� + 3

)
units

of delay. Similarly, the comparator is also a simplified
modulo 2n binary adder that requires 5n units of area
and imposes no additional delay. Therefore, in total, the
proposed sign detector requires (17n + 26k − 7) area units
and

(
2�log

2
(n + k)� + 15

)
time units.

When considering the case k = 0, the requirements
of the proposed sign identifier reduce to (17n − 7) area
units and

(
2�log

2
n� + 7

)
time units. Recently, two sign

detector for the three moduli {2n, 2n − 1, 2n+1 − 1} were
published [17, 18]. The area and time requirements of [17]
are (19n − 4) units and

(
2�log

2
n� + 9

)
, respectively. The

work of [18] presented two structures. The Kogge-Stone-
based (KSB) structure requires (17n − 1) area units and(
2�log

2
n� + 9

)
time units. However, the Ling-based (LB)

structure imposes (16n−1) area units and
(
2�log

2
n� + 11

)
,

where the time of this structure was reported mistakingly in
[18] as

(
2�log

2
n� + 6

)
. The converter-based sign detector
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Figure 5 Gate-level
implementation of
carry-generation circuit of Fig. 1
for the case n = 8 and k = 0.

presented in [25] requires an area of (9n�log
2
n� + 39n +

8k) units and a time delay of (6�log
2
n� + 27) units.

Table 1 shows the requirements of all sign detectors under
consideration.

4.2 Experimental VLSI Realization

The proposed structure and the other state-of-the-art sign
identifiers of the moduli set under consideration were
modeled using Verilog Hardware Description Language.
The modeling was performed for different values of n and
the permissible values of k. The Synopsys Design Compiler
(Version G-2012.06) was utilized to conduct the synthesis
(at 1.8 V for the core voltage and 25 ◦C for the temperature).
All modeled structures were mapped to 65 nm the Synopsys
DesignWare Logic Libraries. The Synopsys Simulator was
also utilized to check functionality correctness the modeled
circuits. Synopsys Power Compiler was utilized to estimate
the consumed power, while the Synopsys IC Compiler
was also utilized to perform placement and routing.
Table 2 lists the experimental results of all structures under
consideration, [17, 18] and [25], for different values of n and

Table 1 Hardware and time requirements of different sign identifiers
based on the U-G model.

Sign detector Area Time

[17] (k = 0) 19n − 4 2�log
2
n� + 9

[18] (k = 0)-KSB 17n − 1 2�log
2
n� + 9

[18] (k = 0)-LS 16n − 1 2�log
2
n� + 11

Proposed (k = 0) 17n − 7 2�log
2
n� + 7

[25] (0 ≤ k ≤ n) 9n�log
2
n� 6�log

2
n� + 27

converter-based +39n + 8k

Proposed 17n + 26k − 7 2�log
2
(n + k)� + 15

(1 ≤ k ≤ n)

Table 2 VLSI experimental results of different sign identifiers.

Sign identifier n k Area μm2 Delay ps Power μW

[17] 7 0 593 749 46.2

11 0 878 824 58.4

15 0 1149 829 69.7

[18] 7 0 538 735 43.4

KSB 11 0 761 801 56.3

Structure 15 0 1036 815 66.8

[18] 7 0 501 827 41.1

LB 11 0 723 905 51.6

Structure 15 0 987 922 60.4

[25] 7 0 1844 1342 74.6

Converter-based 2 1881 1375 77.4

5 1932 1388 78.3

7 1988 1402 79.8

11 0 3147 1486 98.2

4 3243 1498 99.8

8 3361 1531 102.3

11 3427 1547 105.1

15 0 4468 1587 110.2

5 4520 1623 112.0

10 4575 1638 114.6

15 4792 1644 117.2

Proposed 7 0 525 638 42.3

2 695 689 47.7

5 997 713 55.1

7 1202 719 62.8

11 0 750 709 53.4

4 1124 721 61.9

8 1492 752 66.4

11 1874 760 69.0

15 0 1015 720 63.1

5 1485 762 68.2

10 1792 771 70.4

15 2387 793 73.2
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Table 3 Relative performance of competitive sign identifiers com-
pared with the proposed one based on experimental results.

Sign Identifier n k AR % DR% PR%

[17] 7 0 13.0 17.4 9.2

11 0 17.1 16.2 9.6

15 0 13.2 15.1 10.5

[18] KSB structure 7 0 2.5 15.2 2.6

11 0 1.5 13.0 5.4

15 0 2.1 13.2 5.9

[18] LB structure 7 0 −4.6 29.6 −2.8

11 0 −3.6 27.6 −3.4

15 0 −2.8 28.1 −4.3

[25] Converter- based 7 0 251 110 76

2 171 100 62

5 94 95 42

7 65 95 27

11 0 320 110 84

4 189 108 61

8 125 104 54

11 83 104 52

15 0 340 120 75

5 204 113 64

10 155 112 63

15 101 107 60

k. Similar to the other structures, the proposed architecture
works for all odd and even values of n. Table 3 lists the
relative performance of [17, 18], and [25] as compared
with the proposed structure, where the proposed structure
is used as a reference. The percentage of reductions in area
(AR), delay (DR), and power (PR) are computed using
the formula: other work - proposed

proposed × 100%. Compared with the
work of [17], the proposed sign detector (for the case k = 0)
has reduced area, time, and power by an average of 14.4%,
16.3%, and 9.7%, respectively. The proposed structure for
the same case of (k = 0) has almost similar area and power
performance when compared with both structures of [18].
However, it has an average delay reduction of 13.8% when
compared with the first structure and 28.4%when compared
with the second structure of [18]. When compared with the
converter-based sign detector of [25], the proposed detector
has on average reduced area, time, and power by 175%,
106%, and 60%, respectively. Figure 6 shows the behavioral
trend of area, time, and power of the proposed sign identifier
as function of k, based on the experimental results listed in
Table 2.

Figure 6 The behavioral trend of area, time, and power of the
proposed sign identifier as function of k, based on the experimental
results listed in Table 2.

5 Conclusions

This paper suggested the first sign identifier for the
enhanced and arithmetic-friendly three-moduli set
{2n+k, 2n − 1, 2n+1 − 1}, 0 ≤ k ≤ n. The only sign iden-
tifiers available in the literature for this set dealt with the
specific case of k = 0. While the proposed structure has less
or comparable area and power requirements compared with
the most recent published circuits, the proposed work of the
unextended form showed a considerable time improvement
in the range of 13% to 29.6%. However, when compared
with a RNS-to-Binary converter which can perform the sign
detection for the moduli set {2n+k, 2n − 1, 2n−1 − 1}, the
proposed detector has an improved area, time, and power
performance by 175%, 106%, and 60%, respectively.

Publisher’s Note Springer Nature remains neutral with regard to
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