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Abstract

This paper presents the work in progress in order to esti-
mate the efficiency of Residue Number System (RNS) im-
plementations on reconfigurable devices. The reverse and
forward conversions from binary-to-RNS are the overhead
of the RNS structures, considering area requirements and
delay constraints. Our work focuses on evaluating the po-
tential to implement modular arithmetic on reconfigurable
devices, mainly the modular addition and multiplication.
These two RNS operations are suitable for more efficient
structures than binary. A theoretical study is presented for
these structures. Also, preliminary results of these imple-
mentations on FPGA are presented. The first experimen-
tal results obtained for an FPGA technology suggest that
the presented modular multiplier units have better perfor-
mance for the moduli {2n−1,22n,2n+1} and worst perfor-
mance for {2n− 1,2n + 3,2n + 1,2n− 3} moduli set com-
pared to binary implementations. From this work we can
conclude that new moduli sets have to be proposed in or-
der to RNS to be advantageous on FPGA devices. These
new moduli sets have to take advantage of the granularity
of the reconfigurable devices.

1. Introduction

Residue Number Systems (RNS) are a good alternative
to conventional arithmetic, based on a weighted number
system. One of the main advantages of RNS is the fact
that it is a carry free propagation scheme. In applications
requiring intensive computation, such as digital signal pro-
cessing , for example for implementing linear filtering and
for computing the Discrete Fourier or Cosine transforms,
this carry free characteristic allows for the concurrent com-
putation in each of the RNS modulo channels. Moreover,
this parallelization also allows a power consumption reduc-
tion.

The RNS moduli set is composed by several mi chan-
nels, where mi represents positive relatively prime inte-
gers. A number X is represented in RNS by its residues
xi = |X |mi

, where xi is the remainder of the division of X
by mi.

Over the last years several modulo sets, arithmetic units
and reverse converters have been proposed. The state of the
art for forward conversion can be found in [1, 2].

Efficient modular arithmetic units have been proposed
by [3, 4, 5], supporting arithmetic computation for several
modulo channels, such as {2n±1} and {2n±3}.

The most common moduli set used in RNS systems

applications is the traditional {2n − 1,2n,2n + 1} set [6].
Also, an extension of this is commonly used, the {2n −
1,22n,2n + 1} (RNS I) [7] moduli set with a Dynamic
Range (MRNS I) of 4n bit. The Dynamic Range (MRNS I),
determined by the Least Common Multiple (LCM), for this
moduli set is given by:

MRNS I = LCM
(
2n−1,22n,2n +1

)
=

= 24n−22n . (1)

Recently, a 4-moduli set {2n − 1,2n + 3,2n + 1,2n − 3}
(RNS II) has been proposed [8] as a hierarchical base com-
posed of two pairs of moduli with larger dynamic range.
These moduli sets allow to implement multi-level reverse
converters [9, 10]. The Dynamic Range (MRNS II) for this
moduli set is given by:

MRNS II = LCM (2n−3,2n−1,2n +1,2n +3) =
= 24n−10 ·22n−9 . (2)

In this paper a theoretical study using the Tyagi [11]
model is performed to characterize the behavior of the ad-
dition and multiplication structures, for the two moduli
sets {2n−1,22n,2n+1} ((MRNS I) and {2n−1,2n+3,2n+
1,2n − 3} (MRNS II). Also, experimental results for the
modular multiplication on FPGA device are presented for
the moduli sets MRNS I and MRNS II , and compared to the
binary implementation.

The rest of the paper is organized as follows. The next
section formulates the problem of computing the modular
arithmetic units for the modulo {2n±3} and {2n±1}. Sec-
tion 3 describes the modular arithmetic units implementa-
tion and analyses their main characteristics, using the Tyagi
model. Section 4 evaluates the relative performance of
RNS system multiplication against binary implementation.
Section 5, concludes the paper with some final remarks and
suggestions for future work.

2. Formulation

This section analyses the modular arithmetic operations
required for addition, multiplication and forward conver-
sion for each channel of the considered moduli sets.

2.1. Addition

The addition modulo m of the values A and B can be
implemented by performing a binary addition of the two
operands and executing the reduction when the result is
larger or equal than m. If the result is larger or equal



than m, the reduction can be performed by subtracting the
value m.

Modulo {2n ± 1}: For these two moduli, optimized
structures are proposed by [3] and considered the state of
art.

Modulo {2n−3}: The modular addition for this modulo
has been proposed by [4], and can be computed by:

〈A+B〉2n−3 =
{

A+B+3 , A+B+3≥ 2n

A+B , A+B+3 < 2n (3)

Modulo {2n + 3}: Identically to modulo {2n− 3}, the
following equation is valid for an integer A and B in the
range [0,2n +3[ as in [4]:

〈A+B〉2n+3 =
{

A+B+2n−3 , A+B+2n−3≥ 2n+1

A+B , A+B+2n−3 < 2n+1 (4)

2.2. Multiplication

To compute the modular multiplication of two integers
A and B, we can consider the binary product P of the input
operands followed by a reduction of the product, modulo
m, as proposed by [4].

Modulo {2n − 1}: Considering P as the binary prod-
uct of A and B, multiplication modulo {2n−1} can be de-
scribed by:

〈A×B〉2n−1 =
〈
2n ·P[2n−1:n]+20 ·P[n−1:0]

〉
2n−1

= 〈P1 +P0〉2n−1 . (5)

Modulo {2n +1}: For this modulo, the modular multi-
plication can be described by:

〈A×B〉2n+1 = 〈P2−P1 +P0〉2n+1 . (6)

Modulo {2n− 3}: For the modulo {2n− 3}, modular
multiplication can be described by:

〈A×B〉2n−3 = 〈3 ·P1 +P0〉2n−3 . (7)

Modulo {2n +3}: The multiplication modulo {2n +3}
of A and B, can be calculated by:

〈A×B〉2n+3 = 〈9 ·P2−3 ·P1 +P0〉2n+3 . (8)

3. Architecture

In this section, structures for addition and multiplication
are presented based on the equations depicted in the previ-
ous section. Theoretical analysis using a gate level model
proposed by Tyagi [11] is also performed to characterize
the behavior of these arithmetic units.

3.1. Addition

Herein the addition units for the moduli {2n± 1} and
{2n±3} are summarily described.

Modulo {2n−1} and {2n+1}: These two moduli have
been extensively studied by several authors [12, 3]. One of
the most efficient implementations in terms of area and de-
lay, is based on a modified Slansky addition structure with
an end around carry scheme to perform the modulo reduc-
tion [3].

For modulo {2n−1} the final result is computed in two
steps: the first step computes A+B; if the result exceeds 2n

the correct output is given by A+B+1, otherwise the result
is already given by A+B and no further operations need to
be performed. This computation can be efficiently imple-
mented with a modified Slansky addition structure with fast
increment [3].

For modulo {2n +1} addition an identical structure can
be used. However, the operands have (n+ 1) bits in order
to represent the value 2n.

Modulo {2n−3} and {2n +3}: For the modulo {2n−
3} the structure proposed in [4] is considered the best im-
plementation. For modulo {2n + 3}, it is considered the
speed [4] implementation, since it is the best know struc-
ture considering the delay metric. These structures com-
pute in parallel the result A+B and A+B+m and select
the appropriate result, in order to perform the modular re-
duction.

To obtain a technology independently assessment of the
presented modulo adders structures, a analysis has been
carried out using a neutral and gate model. For this analysis
the model proposed by Tyagi was adopted. This model re-
lates the required circuit area with the propagation delay of
each logic cell [11]. Each two-input monotonic cell counts
as one gate both in area and delay. A XOR cell counts as
two gates both in terms of area and delay. Thus, the de-
lay and area of any n-bit logic block can be derived from
elementary logic cells. With this model, the total area re-
quirements can be computed by adding the total amount of
required cells, while the maximum imposed delay can be
theorized by analyzing the critical path.

For the adders structures it is considered the Slan-
sky implementation [3], three types of blocks has been
considered: pre-processing (∇); processing (•); and pos-
processing (�).

The circuit area for the Slansky structure is given by
A∇ +A•+A�, where A∇ = 3n, A• = 3

2 nlog2(n)+ 3n and
A� = 2n. For the time delay, each component contributes
with T∇ = 2, T• = 2log2(n)+2 and T� = 2.

The resulting area and delay estimations are presented
in Table 1. Figure 1 depicts the evolution of both area and

moduli Area Delay

2n−3 3nlog2(n)+37n 2log2(n)+12

2n−1 3
2 nlog2(n)+8n+1 2log2(n)+7

2n 3
2 nlog2(n)+8n 2log2(n)+6

2n +1 3
2 nlog2(n)+17n+1 2log2(n)+11

2n +3 3(n+1)log2(n+1)+ 2log2(n+1)+12
+20n+20

Table 1. Theoretical area and delay for modulo 2n±m
adders



delay according to the bit length n. This figure shows the
results for the binary 4n bit adder, and the results for the
total of all channels of RNS I and RNS II moduli sets. This
analysis shows that the RNS systems are slower than the
equivalent binary addition. Furthermore, these implemen-
tations requires more or the same area as the binary struc-
ture.
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Figure 1. Theoretical area and delay for the adder
structures in Binary, RNS I, and RNS II

3.2. Multiplication

Herein, existing multiplication structures are presented
and described for the moduli {2n−3} and {2n +3}.

Modulo {2n−1} and {2n +1}: As seen in (5) and (6),
these multiplications structures have a straightforward
implementation. They require a standard 22n multiplier
and a modular adder, as depicted in [4].

Modulo {2n − 3} and {2n + 3}: To accomplish the
computation of (7) and (8), the decompositions described
in [4] have been implemented. For each modular channel,
it is used a binary multiplier and a modular compressor 4:1
moduli {2n±3} are used.

The multiplication structures have also been analyzed
in terms of the expected area and delay, using the Tyagi
model. The resulting theoretical area and delay models are
presented in Table 2.

From the results shown in Figure 2 for different values
of n, it can be concluded that the RNS systems can improve
the binary implementation, both in terms of area require-
ments and speed of computation.
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Figure 2. Theoretical area and delay for the multiplier
structures in Binary, RNS I, and RNS II

moduli Area Delay

2n−3 40n2 +6nlog2(n)+56n 4log2(n)+8n+25

2n−1 40n2 + 9
2 nlog2(n)−9n+1 2log2(n)+8n+8

2n 10n2 + 3
2 nlog2(n)−10n 2log2(n)+4n−1

2n +1
40n2 +3(n+1)log2(n+1)+ 2log2(n+1)+8n+

+ 3
2 nlog2(n)+80n+24

+2log2(n)+19

2n +3 40n2 +6(n+1)log2(n+1)+ 4log2(n+1)+8n+25
+136n+42

Table 2. Theoretical area and delay for modulo 2n±m
multipliers

4. Results

In order to fully evaluate the proposed multiplier mod-
ulo {2n ± 1} and {2n ± 3} units, all structures were de-
scribed in VHDL and mapped to a FPGA device, the
XC2VP100-6 XILINX. Synthesis, mapping and place and
route were performed using ISE 10.1 tools from XILINX,
tunned to delay optimization. The results for these imple-
mentations are depicted in Figures 3(a), 3(b), 3(c), repre-
senting the required Slices, built-in 18×18 multipliers, and
the critical path delay, respectively.

The experimental results show that the channel {2n+3}
is the most expensive in the number of Slices of the four
channels, and that it is also the slower channel. As ex-
pected from the theoretical analysis, channels {2n±1} re-
quire the lower area and are the fastest channels. In order
to analyze the performance of the Residue Systems, RNS I
and RNS II, and to compare them with Binary Systems,
Figure 4 shows the total amount of Slices for each system
and their delay. The number of required Slices is signifi-
cantly increased, comparing to a typical binary implemen-
tation of the multiplier unit. In other hand the number of
required built-in multipliers has significantly decreased, for
example in the case of n equal to 16 bits, the RNS I imple-
mentation uses 4 DSP block’s instead of the 10 used by the
binary implementation. However, the RNS II implementa-
tion achieved almost the same performance as the binary
approach when considering the critical path delay. Also,
this performance will decrease when considering the over-
head of conversion units.

These results shows that the RNS architectures devel-
oped for VLSI, are not tailored to be directly applied to a
general purpose reconfigurable device, mostly due to the
fact that digital circuits on the FPGA have been designed
for binary arithmetic. Nevertheless, these results are quite
encouraging , since better performance can be achieved us-
ing new moduli sets. New and more appropriate moduli
sets have to be chosen in order to take advantage of the
built-in blocks of FPGA devices.

5. Conclusions

In this paper, addition, multiplication and conversion
units for Residue Number Systems (RNS) using moduli
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Figure 3. Results for the modular multiplier unit modulo {2n±1} and {2n±3} on FPGA
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Figure 4. Results for full multiplication operation on FPGA

{2n±1} and {2n±3} channels have been implemented on
FPGA. Performance results for modular units for moduli
{2n± 3}, {2n± 1} and {2n} were obtained, both theoret-
ically and experimentally using a XC2VP100-6 XILINX
device. The obtained results suggest that the modular arith-
metic units are less efficient than binary implementation,
mostly due to the fact that digital circuits on the FPGA
have been designed for binary arithmetic. This allows us
to conclude that the RNS system has to be adjusted to the
granularity of the built-in blocks of the reconfigurable de-
vices, in order to achieve more efficient units. Also, more
channels and balanced moduli sets should be used in or-
der to improve the viability of Residue Number Systems
on FPGA. As future work it is planned out to implement
these arithmetic units in pipeline, and also take advantage
of Block-RAM (BRAM) to compute the modular reduc-
tions.
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