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Abstract—In this paper Residue Number Systems (RNS) con-
version structures from Binary to RNS modulo {2n ± 3} are
proposed. These structures are based on arithmetic calcula-
tions without the need for Lookup Tables as in the related
art. Additionally, the required 4:2 and 3:2 Carry-Save Adders
(CSA) modulo {2n ± 3} are also proposed. Experimental results
obtained for an ASIC technology suggest that the presented
CSAs, needed in the conversion, improve the related art by
reducing the required area resources by 33% and achieving a
1.49× speedup. Experimental results for the proposed conversion
units suggest that improvements in performance up to 3 times
can be achieved,while reducing the required area resources by
85%.

Index Terms—Residue Number System; Conversion units;
Compressor units; Arithmetic;

I. INTRODUCTION

Residue Number Systems (RNS) are a good alternative
to the conventional arithmetic, based on a weighted number

system. One of the key advantages of RNS is the fact that it is a

carry free propagation scheme, the main cause for performance
degradation in arithmetic circuits. In applications requiring

intensive computation, such as digital signal processing [1],

[2], for example for implementing linear filtering and for
computing the Discrete Fourier or Cosine transforms, this

carry free characteristics allow for the concurrent computation

in each of the RNS modulo channels. Moreover, this paral-
lelization also allows a energy consumption reduction.

The RNS moduli set is composed by several mi channels,

where mi represents positive relatively prime integers. A

number X is represented in RNS by its residues xi = 〈X〉mi ,
where xi is the remainder of the division of X by mi.

Over the last years several moduli sets, arithmetic units and

reverse converters have been proposed. In [3], [4], [5] we
can find the state of the art for forward conversion. However

those converters are limited in terms of modulo range or are

less efficient due to the mandatory use of ROM’s (Read-
Only-Memory). The ROM based converters [3] are suitable

for a number of bits per channel lower than 10. For higher

values of n, the circuit area and delay grows drastically. The
structure proposed in [4] and [5] implements the converter

with three types of operations: i) serial; ii) parallel and iii)
hybrid. These structures are not considered in this paper since
their implementation is restricted to small values of n, using

multiplexers to select the reduction values. For larger n values
the proposed structure in [4], [5] is similar to the ROM

implementations such as [3].

While extensively research work has been performed by

the RNS community for the traditional moduli set {2n −
1, 2n, 2n+1} and efficient conversion structures exists [6] and

[7], the Dynamic Range is not enough for several applications.

Recently, a 4-moduli set {2n−1, 2n+3, 2n+1, 2n−3} has been
proposed [8], [9] as a hierarchical base composed of two pairs

of moduli with larger Dynamic Range. These moduli sets allow

to implement multi-level reverse converters [10] and [11].

Furthermore, new arithmetic units for modulo {2n± 3} has

been proposed [12], improving applicability of the moduli set

refereed above. However, the state of art of forward converters
for thus moduli set represent a bottleneck, considering the

circuit area and critical path.

In this paper a new structure for the forward conversion of

the moduli set {2n − 1, 2n + 3, 2n + 1, 2n − 3} is proposed,

in particular for the channels {2n − 3} and {2n + 3}; for
the {2n ± 1} channels existing structures can be used [13].

Additionally, in order to efficiently implement thus structures,

new Carry-Save-Adder (CSA) units for the {2n ± 3} modulo
are proposed.

A relative evaluation, regarding area and delay, for the {2n±
1} and {2n±3} is also performed for the CSA and conversion
units. Results suggest that the proposed CSA and binary-to-

RNS conversion for the {2n ± 3} modulo units significantly
improve the current state of the art reducing the required area

up to 85% and achieving a speedup up to 3.

The rest of the paper is organized as follows. The next
section formulates the problem of computing the compres-

sion and residue calculation for the modulo {2n − 3} and

{2n+3}. Section III describes the proposed modular arithmetic
units (compression and conversion) and analyses their main

characteristics. Section IV describes the implementations of

the proposed structures in ASIC, and evaluates their relative
performance against existing units. Section V, concludes the

paper with some final remarks.

II. MODULAR ARITHMETIC

Conversion from binary-to-RNS is one of the first and basic

operation in RNS. This section analyses the modular arithmetic
operations required for forward conversion.

A. Binary-to-RNS conversion

To compute the remainder of integer X , we can consider
the binary representation of the input as a 4n− bit value and

compute the partial reduction of each sub-set of n bits of X
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modulo m. Considering the 4 moduli set {2n−1, 2n+3, 2n+
1, 2n + 3} it is necessary to compute the four residues, one

for each channel. The Dynamic Range (M), determined by the

Least Common Multiple (LCM), for this moduli set is given
by:

M = LCM (2n − 3, 2n − 1, 2n + 1, 2n + 3)

= 24n − 10 · 22n + 9 .
(1)

The following describes the modular reduction for each

channel of the RNS modulo channels.

Modulo {2n − 1}: For this modulo, the conversion from
binary to residue number system can be obtained by [13]:

〈X〉2n−1 =
〈
23nX[4n−1:3n] + 22nX[3n−1:2n]+

+ 2nX[2n−1:n] +X[n−1:0]

〉
2n−1

=
〈
23nX3 + 22nX2 + 2nX1 +X0

〉
2n−1

= 〈X3 +X2 +X1 +X0〉2n−1 , (2)

where X[n·(k+1):n·k] also represented by Xk, denotes the
bits n · (k + 1) to n · k of the integer X , and the notation

〈X〉m is used to represent the arithmetic modulo m of X .

Modulo {2n + 1}: The conversion from binary to modulo

{2n + 1} can be obtained by:

〈X〉2n+1 =
〈
X3 +X2 +X1 +X0 + 4

〉
2n+1

, (3)

given that:

〈2n〉2n+1 = 〈−1〉2n+1 , (4)

and:

〈−X〉2n+1 = 〈2n + 1−X〉2n+1

=
〈
X + 2

〉
2n+1

. (5)

Modulo {2n − 3}: Considering the following property for

modulo {2n − 3}:
〈2n〉2n−3 = 3 . (6)

The residue of X modulo {2n − 3} can be calculated as:

〈X〉2n−3 =
〈
23nX[4n−1:3n] + 22nX[3n−1:2n]+

+ 2nX[2n−1:n] +X[n−1:0]

〉
2n−3

=
〈
23nX3 + 22nX2 + 2nX1 +X0

〉
2n−3

=
〈
33X3 + 32X2 + 3X1 +X0

〉
2n−3

= 〈27X3 + 9X2 + 3X1 +X0〉2n−3 . (7)

Modulo {2n+3}: For this modulo, the following arithmetic
properties can be deduced:

〈2n〉2n+3 = 〈−3〉2n+3 (8)

〈−X〉2n+3 = 〈2n + 3−X〉2n+3

=
〈
X + 4

〉
2n+3

. (9)

Using the properties described in (8) and (9), the residue

for the {2n + 3} channel can be calculated as:

〈X〉2n+3 =
〈
23nX[4n−1:3n] + 22nX[3n−1:2n]+

+ 2nX[2n−1:n] +X[n−1:0]

〉
2n+3

=
〈
23nX3 + 22nX2 + 2nX1 +X0

〉
2n+3

= 〈−27X3 + 9X2 − 3X1 +X0〉2n+3

=
〈
27

(
X3 + 4

)
+ 9X2 + 3

(
X1 + 4

)
+X0

〉
2n+3

=
〈
27X3 + 9X2 + 3X1 +X0 + 120

〉
2n+3

. (10)

B. Compressors
To add the several parcels in (2), (3), (7), and (10) efficient

compression units are required. In the following we formulate
the equations for the compressor units modulo {2n ± 3}.
Equations for modulo {2n ± 1} proposed in [14], [15], and

[17] are also summarily presented.

Modulo {2n−1}: The compression operation of 3 operand

into 2 (3:2) for this modulo can be described as (S and C
represent the sum and carry vectors, respectively:

〈X + Y + Z〉2n−1 =

= 〈C + S〉2n−1

= 〈2nC1 + C0 + S0〉2n−1

= 〈C1 + C0 + S0〉2n−1

=

{ 〈C0 + S0〉2n−1 , C1 = 0

〈C0 + S0 + 1〉2n−1 , C1 = 1
. (11)

Modulo {2n + 1}: Similar to {2n − 1}, the compression

3:2 unit for modulo {2n +1}, with the input values restricted
to [0, 2n − 1] (represented by n bits), can be described as:

〈X + Y + Z〉2n+1 =

= 〈C + S〉2n+1

= 〈2nC1 + C0 + S0〉2n+1

= 〈−C1 + C0 + S0〉2n+1

=

{ 〈C0 + S0〉2n+1 , C1 = 0

〈C0 + S0 − 1〉2n+1 , C1 = 1
. (12)

An additional compression 3:2 unit can be used to reduce

the n+1th bits, this unit is feed with S, C, and the reduction
value. This reduction is given by −X[n] − Y[n] − Z[n],

considering the property (4).

Modulo {2n − 3}: The compression operation 3:2 for this
modulo, with the input values belong to the interval [0, 2n − 1]
(represented by n bits), can be described as:

〈X + Y + Z〉2n−3 =

= 〈C + S〉2n−3

= 〈2nC1 + C0 + S0〉2n−3

= 〈3C1 + C0 + S0〉2n−3

=
〈
3C1 + C′ + S′

〉
2n−3

=
〈
3C1 + 2nC′1 + C′0 + S′0

〉
2n−3

=
〈
3C1 + 3C′1 + C′0 + S′0

〉
2n−3

=

⎧⎪⎨
⎪⎩

〈
C′0 + S′0

〉
2n−3

, C1 = C′1 = 0〈
C′0 + S′0 + 3

〉
2n−3

, C1 �= C′1〈
C′0 + S′0 + 6

〉
2n−3

, C1 = C′1 = 1

, (13)
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where C′ + S′ = C0 + S0.

The 4 operand compression operation 4:2 for {2n − 3}
modulo can be computed as:

〈X + Y + Z +W 〉2n−3 =

= 〈C + S +W 〉2n−3

= 〈2nC1 + C0 + S0 +W 〉2n−3

= 〈3C1 + C0 + S0 +W 〉2n−3

=
〈
3C1 + 2nC′1 + C′0 + S′0

〉
2n−3

=
〈
3C1 + 3C′1 + C′0 + S′0

〉
2n−3

=
〈
3C1 + 3C′1 + 3C′′1 + C′′0 + S′′0

〉
2n−3

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

〈
C′′0 + S′′0

〉
2n−3

, C1 = C′1 = C′′1 = 0〈
C′′0 + S′′0 + 3

〉
2n−3

, C1 + C′1 + C′′1 = 1〈
C′′0 + S′′0 + 6

〉
2n−3

, C1 + C′1 + C′′1 = 2〈
C′′0 + S′′0 + 9

〉
2n−3

, C1 = C′1 = C′′1 = 1

, (14)

where {C + S = X + Y + Z}, {C′ + S′ = C0 + S0 +W}
and {C′′ + S′′ = C′

0 + S′
0}.

Modulo {2n+3}: Considering a compression unit 3:2, with

input values restricted to [0, 2n − 1] (represented by n bits),
this calculation can be described as:

〈X + Y + Z〉2n+3 =

= 〈C + S〉2n+3

= 〈−3C1 + C0 + S0〉2n+3

=
〈
−3C1 + C′ + S′

〉
2n+3

=
〈
−3C1 + 2nC′1 + C′0 + S′0

〉
2n+3

=
〈
−3C1 − 3C′1 + C′0 + S′0

〉
2n+3

=

⎧⎪⎨
⎪⎩

〈
C′0 + S′0

〉
2n+3

, C1 = C′1 = 0〈
C′0 + S′0 − 3

〉
2n+3

, C1 �= C′1〈
C′0 + S′0 − 6

〉
2n+3

, C1 = C′1 = 1

. (15)

Also, the 4 operand compression operation 4:2 for {2n+3}
modulo can be described as:

〈X + Y + Z +W 〉2n+3 =

= 〈C + S +W 〉2n+3

= 〈−3C1 + C0 + S0 +W 〉2n+3

=
〈
−3C1 + 2nC′1 + C′0 + S′0

〉
2n+3

=
〈
−3C1 − 3C′1 + C′0 + S′0

〉
2n+3

=
〈
−3C1 − 3C′1 − 3C′′1 + C′′0 + S′′0

〉
2n+3

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

〈
C′′0 + S′′0

〉
2n+3

, C1 = C′1 = C′′1 = 0〈
C′′0 + S′′0 − 3

〉
2n+3

, C1 + C′1 + C′′1 = 1〈
C′′0 + S′′0 − 6

〉
2n+3

, C1 + C′1 + C′′1 = 2〈
C′′0 + S′′0 − 9

〉
2n+3

, C1 = C′1 = C′′1 = 1

, (16)

where {C + S = X + Y + Z}, {C′ + S′ = C0 + S0 +W}
and {C′′ + S′′ = C′

0 + S′
0}.

Identically to {2n+1} the n+1th bits for this modulo can

be compute separately, using an additional compression unit.

III. HARDWARE STRUCTURES

In this section conversion structures from binary-to-RNS are
presented. In order to efficiently implement the calculation de-

scribed in the previous section, improved modular compression

structures are also proposed.

A. Compressors

The following describes the compression structures that
perform the addition of 4 or 3 input values into two output

vectors modulo {2n − 3} and {2n + 3}. These structures are

a key element of the proposed memoryless conversion units.
In [14] and [16] a generic structure for modular compressing

of four inputs to two outputs is presented. This structure

computes the modular reduction in five steps as depicted in
Figure 1(a). On each step, three values are added. The first

two stages of the CSA perform X + Y + Z + W . In the

following step a compensation term is added, given the two
carry out bits generated by the first CSAs. The compensation

term can assume the values, 0, 2n−m, and 2(2n−m), when
no carry out, only one carry out, or both carry out values are

generated, respectively. The last two CSA stages are used to

reduce modulo 2n − m the final result. On each stage the
constant value 2n − m is added when carry out exists, or 0
in the other case.

Modulo {2n ± 1}: For these two modulo, optimized

structures have been proposed by several authors [14], [15],

and [17]. The circuit area required by these structures is
given by ACSA = n × AFA for modulo {2n − 1} and

ACSA = n × AFA + Anot for modulo {2n + 1}, where n
represents the number of bits, and AFA and Anot represent

the area of a Full-Adder and a Not gate, respectively. The

critical path is given by the delay of a FA for modulo
{2n − 1}, and for modulo {2n + 1} a further delay of one

Not gate is registered, resulting in theoretical critical path of

ΔCSA = ΔFA +Δnot.

Modulo {2n − 3}: To implement the compression of four

inputs values X, Y, Z, and W into two output values (S and C),
as described in (14), structures CSA-1 and CSA-2 in Figure 1

are proposed.

The first approach to implement the compression 4:2 mod-
ulo {2n−3} is to compute the four possible results in parallel.

Identically to the structure presented in [14], two initial CSA
structures of n bits are used to add the 4 input values modulo

2n.

The last stage adds the needed constant value depending
on the carry out generated by the initial CSA structures.

These constant values are added in parallel and later selected

according to the carry out values. Given that the required
constant values (3, 6, and 9) only have 2 to 4 bits in length,

only a small amount of bits need to be multiplexed. In

order words, one full simplified CSA is used to add with 0.
The remaining CSA units add the low bits with 3, 6, or 9.

The resulting most significant n − 4 bits of the Carry and
Save vectors are equal in all cases. The resulting structure is

depicted in Figure 1(b).
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Fig. 1. Compressor structures for modular arithmetic

In the second proposed structure (CSA-2), the constant

values are also added in parallel. However, the sets of possible

constants are first selected according to the carry out generated
at the first two addition stages. In the final CSA stage the

constant values that needed to be added are either the values
0, 3, or 6; or the values 3, 6, or 9. The decision of which of

the two sets is actually needed is made using the carry out

value from the last CSA. The resulting structure is depicted
in Figure 1(c), with constants referred has k0 = 0, k1 = 3,

k2 = 6, k3 = 9. Note that, given the size of the needed

constants, the multiplexer only needed to select the lower 4
bits. Identically, the CSA that adds the set of constants with

higher values only needs also to add the lower 4 bits.

A modulo {2n − 3} 3:2 compressor can be implemented
identically by simplifying the proposed 4:2 structures, as

described in (13). In this case, the second CSA stage is
removed and the selection logic simplified. 3:2 compressors

are useful in the optimization of the modular Carry-Save-

Adder Trees.

Modulo {2n + 3}: In order to perform the modular 4:2

compression described in (16) more efficiently, an additional
modification is proposed. As described in (8), the value 3

must be subtracted to the final result whenever a value equal

or greater than 2n is generated, given that 〈2n〉2n+3 = −3.
However, if the value 3 is added in every CSA stage when

2n is not generated and 0 in the other case, for this 4:2
compression unit with 3 stages the global value added when

no 2n is generated is 9, as described in (17).

〈X + Y + Z +W + 9〉2n+3 =

= 〈−3C1 + C0 + S0 +W + 9〉2n+3

=
〈
−3C1 − 3C′1 + C′0 + S′0 + 9

〉
2n+3

=
〈
−3C′′1 + C′′0 + S′′0

〉
2n+3

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

〈
C′′0 + S′′0 + 9

〉
2n+3

, C1 = C′1 = C′′1 = 0〈
C′′0 + S′′0 + 6

〉
2n+3

, C1 + C′1 + C′′1 = 1〈
C′′0 + S′′0 + 3

〉
2n+3

, C1 + C′1 + C′′1 = 2〈
C′′0 + S′′0 + 0

〉
2n+3

, C1 = C′1 = C′′1 = 1

. (17)

Given (17), the structures CSA−1 and CSA−2, described for

the CSA modulo {2n − 3}, can be directly used differing in

the values to be added. For the CSA−2 depicted in Figure 1(c)
the constants values are k0 = 9, k1 = 6, k2 = 3, k3 = 0.

Compressors 3:2 modulo {2n+3} can also be devised from
the above one. Nevertheless, a more efficient structure can be

devised if two compensation bits (C1 and C′
1) are propagated

to the next modular compressor. Such an 3:2 compressor can
be used to improve the performance of modular adder trees.

This operation is described in (18) and depicted in Figure 2.

〈X + Y + Z + 9〉2n+3 =

= 〈2nX1 +X0 + 2nY1 + Y0 + 2nZ1 + Z0 + 9〉2n+3

= 〈X0 + Y0 + Z0 − 3X1 − 3Y1 − 3Z1 + 9〉2n+3

= 〈2nC1 + C0 + S0 +−3X1 − 3Y1 − 3Z1 + 9〉2n+3

=
〈
2nC1 + 2nC′1 + C′0 + S′0

〉
2n+3

(18)

Note that when these 3:2 CSA are used, the final full modulo

adder must be able to add values in the range
[
0, 2n+1 − 1

]
.

B. Binary-to-RNS conversion
The following describes the existing binary-to-RNS

conversion structures for modulo {2n ± 1} and {2n ± 3}
as well as the proposed structures, derived from the math

relations described in the previous sections.

Modulo {2n ± 1}: The used forward converters modulo
{2n ± 1} are the ones proposed in [13]. These structures

perform the modular conversion of 4n bit into n bits modulo
{2n ± 1}, as described in (2) and (3).

Modulo {2n − 3}: To the best of the authors knowledge,

the existing forward converter modulo {2n − 3} is based on
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(a) Converter-ROM (b) Converter-I (c) Converter-II

Fig. 3. Binary-to-RNS converter structures for modulo {2n ± 3}
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Fig. 2. CSA-3 for modulo {2n + 3}

Lookup Tables [3]. In this structure each part of the binary
input value is passed through a Lookup Tables which outputs

the corresponding residue value. Each table has n-bit inputs

and outputs. Note that the first n bits can be obtained directly
from the binary input value, not needing a Lookup Table.

These tables can be implemented through ROMs with n-bit

address and n-bit data width. A final 4 input adder is also
needed to compute the final result. This structure is depicted

in Figure 3(a) and herein referred to as Converter-ROM. These
structures are only efficient for small values of n, since the

circuit area exponentially increases with n.

Given the expected inefficiency of this structure, in this

paper two forward conversion structures are proposed for mod-

ulo {2n − 3}, based solely on arithmetic units. As described
in (7), it is first necessary to compute the partial values 3X1,

9X2, and 27X3. These operations consist in the modular

multiplication by constant values. These operations can be
efficiently implemented by decomposing the multiplication

constant as described in the following equations.

〈3X〉2n−3 = 〈2X +X〉2n−3 (19)

〈9X〉2n−3 = 〈8X +X〉2n−3 (20)

〈27X〉2n−3 = 〈16X + 8X + 2X +X〉2n−3 (21)

〈2X〉2n−3 =
〈
X[n−2:0]0 + 3 · 0[n−1:1]X[n−1]

〉
2n−3

=
〈
X[n−2:0]0 + 0[n−1:2]X[n−1]X[n−1]

〉
2n−3

(22)

〈8X〉2n−3 =
〈
X[n−4:0]000 + 3 · 0[n−1:3]X[n−1:n−3]

〉
2n−3

=
〈
X[n−4:0]000 + 0[n−1:4]X[n−1:n−3]0+

+0[n−1:3]X[n−1:n−3]

〉
2n−3

(23)

=
〈
X[n−4:0][n−1:n−3] + 0[n−1:4]X[n−1:n−3]0

〉
2n−3

〈16X〉2n−3 =
〈
X[n−5:0]0000 + 3 · 0[n−1:4]X[n−1:n−4]

〉
2n−3

=
〈
X[n−5:0]0000 + 0[n−1:5]X[n−1:n−4]0+

+0[n−1:4]X[n−1:n−4]

〉
2n−3

(24)

=
〈
X[n−5:0][n−1:n−4] + 0[n−1:5]X[n−1:n−4]0

〉
2n−3

The resulting 14 partial values need to be added modulo

{2n+3}. Two options exist to add these values. One option is

to add these value with a binary CSA-Tree and a final binary
Carry-Propagate-Adder (CPA). The resulting n + 6-bit value

is then split by a residue generator, given by (25), and feed

into a 3:1 modulo adder [12].

〈
CPA[n+5:0]

〉
2n−3

=

=
〈
2nCPA[n+5:n] + CPA[n−1:0]

〉
2n−3

=
〈
3CPA[n+5:n] + CPA[n−1:0]

〉
2n−3

=
〈
2CPA[n+5:n] + CPA[n+5:n] + CPA[n−1:0]

〉
2n−3

(25)

The resulting conversion unit is depicted in Figure 3(b) and

designated as Converter-I.
Alternatively to using a binary CSA-Tree and a CPA, as

described above, a modular CSA-Tree is employed, with the

4:2 and 3:2 compressors modulo {2n − 3} proposed in this
section. The final 4 vectors can then be directly added by

a 4 : 1 adder as in the previous structure. Note that all the
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necessary reductions are performed in the CSA-Tree. The
resulting structure, Converter-II, is depicted in Figure 3(c).

Modulo {2n + 3}: The conversion structures for modulo
{2n + 3} are identical to the ones described above. The

conversion structure descried in the related art [3] is the same
ROM based structure as described for modulo {2n − 3} with

the particularity of having different Lookup Tables and a final

4:1 adder modulo {2n + 3}.
The reverse conversion using only arithmetic units is per-

formed with the multiplications
〈
3X1

〉
2n+3

, 〈9X2〉2n+3, and〈
27X3

〉
2n+3

, derived from (10). These modular constant mul-

tiplications can be performed modulo {2n + 3} by:

〈3X〉2n+3 = 〈2X +X〉2n+3 (26)

〈9X〉2n+3 = 〈8X +X〉2n+3 (27)

〈27X〉2n+3 = 〈16X + 8X + 2X +X〉2n+3 (28)

〈2X〉2n+3 =
〈
X[n−2:0]0− 3 · 0[n−1:1]X[n−1]

〉
2n+3

=
〈
X[n−2:0]0− 0[n−1:2]X[n−1]X[n−1]

〉
2n+3

=
〈
X[n−2:0]0 + 1[n−1:2]X[n−1]X[n−1] + 4

〉
2n+3

(29)

〈8X〉2n+3 =
〈
X[n−4:0]000 − 3 · 0[n−1:3]X[n−1:n−3]

〉
2n+3

=
〈
X[n−4:0]000 + 3 · 1[n−1:3]X[n−1:n−3] + 12

〉
2n+3

=
〈
X[n−4:0]000 + 1[n−1:4]X[n−1:n−3]0− 3+

+1[n−1:3]X[n−1:n−3] + 12
〉
2n+3

=
〈
X[n−4:0]000 + 1[n−1:4]X[n−1:n−3]0+

+1[n−1:3]X[n−1:n−3] + 9
〉
2n+3

=
〈
X[n−4:0]X[n−1:n−3] + 1[n−1:4]X[n−1:n−3]0+

+1[n−1:3]0[2:0] + 9
〉
2n+3

=
〈
X[n−4:0]X[n−1:n−3] + 1[n−1:4]X[n−1:n−3]0−
−11 + 9〉2n+3

=
〈
X[n−4:0]X[n−1:n−3] + 1[n−1:4]X[n−1:n−3]0−
−2〉2n+3 (30)

〈16X〉2n+3 =
〈
X[n−5:0]0000 − 3 · 0[n−1:4]X[n−1:n−4]

〉
2n+3

=
〈
X[n−5:0]0000 + 3 · 1[n−1:4]X[n−1:n−4] + 12

〉
2n+3

=
〈
X[n−5:0]0000 + 1[n−1:5]X[n−1:n−4]0+

+1[n−1:4]X[n−1:n−4] + 9
〉
2n+3

=
〈
X[n−5:0]X[n−1:n−4] + 1[n−1:5]X[n−1:n−4]0+

+1[n−1:4]0[3:0] + 9
〉
2n+3

=
〈
X[n−5:0]X[n−1:n−4] + 1[n−1:5]X[n−1:n−4]0−
−10〉2n+3 . (31)

These 15 partial values and one constant can be added by

a binary or modular adder-tree. In the binary implementation

it is necessary to compute the residue generator after the CPA
adder. This residue generator is given by:

〈
CPA[n+5:0]

〉
2n+3

=

=
〈
2nCPA[n+5:n] + CPA[n−1:0]

〉
2n+3

=
〈
−3CPA[n+5:n] + CPA[n−1:0]

〉
2n+3

=
〈
3CPA[n+5:n] + 12 + CPA[n−1:0]

〉
2n+3

=
〈
2CPA[n+5:n] + CPA[n+5:n] + 12 + CPA[n−1:0]

〉
2n+3

. (32)

In order to optimize the modular reduction the required

constant is hard-wired in the adder-tree.

IV. EXPERIMENTAL RESULTS

In order to fully evaluate the proposed converters and

CSAs modulo {2n − 3} and {2n + 3} and there relative
efficency regarding modulo {2n±1} units, all structures were

described in VHSIC Hardware Description Language (VHDL)

and mapped to a specific technology. Application Specific
Integrated Circuits (ASIC) are designed, in particular for the

UMC 0.13 μm CMOS technology from UMC [18]. Both
synthesis and mapping were performed using Design Vision

Version A-2007.12-SP5 from Synopsys.

A. Compressors

The first step taken to evaluate the RNS compressors was
to compare the obtained results for the considered modulo

{2n− 3} and {2n− 3} compressor structures, namely i) CSA
[16] 4:2, ii) CSA-1, and iii) CSA-2.

As expected from the theoretical analysis, the CSA-2 struc-

ture is the most area and delay efficient realization, as depicted

in Table I and Figure 4. Units for modulo {2n − 1} and
{2n+1} have also been synthesized, in order to evaluate their

performance, regarding circuit area (A), delay (T), and AT 2

as performance metric.
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Fig. 4. Results AT 2 for 4:2 CSA modulo {2n ± 1} and {2n ± 3}

Experimental results suggest that the proposed structure

CSA-2 4:2 has less 33% area and achieves a reduction of
the delay up to 33% compared to CSA [16] 4:2 structure.

The structure CSA- I has equal delay than CSA [16] 4:2 for

modulo {2n+3}. For modulo {2n−3} this structure achieves
worst delay results than CSA [16] 4:2.

Furthermore, the critical path results for the {2n − 3} and

{2n +3} 3:2 compressors suggest that these implementations
can be used to optimize the Adder-Trees structures, reducing

the area and critical path.

The implementation results for the {2n − 3} and {2n + 3}
modulo compression, suggest delay requirements 98% higher

than for modulo {2n + 1}.
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Fig. 5. Results for binary to RNS converter for modulo {2n − 3}
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Fig. 6. Results for binary to RNS converter for modulo{ 2n+ 3}

Compressor Structure delay [ns]
2n − 1 CSA [15] 4:2 0.49
2n − 3 CSA [16] 4:2 1.31
2n − 3 CSA-1 4:2 1.48
2n − 3 CSA-2 4:2 1.03
2n + 1 CSA [15] 4:2 0.52
2n + 3 CSA [16] 4:2 1.48
2n + 3 CSA-1 4:2 1.48
2n + 3 CSA-2 4:2 0.99

2n − 3 CSA-2 3:2 0.74
2n − 1 CSA [15] 3:2 0.24
2n + 1 CSA [15] 3:2 0.26
2n + 3 CSA-2 3:2 0.70
2n + 3 CSA-3 3:2 0.57

TABLE I
DELAY RESULTS FOR COMPRESSORS STRUCTURES FOR MODULO {2n ± 3}

AND {2n ± 1}

B. Binary-to-RNS converters

Identically to the compressor units, the relative performance

of the several forward modulo conversion structures have
also been analysed. In order to evaluate these proposed con-

verters the obtained results for the modulo {2n − 3} and
{2n+3} converters structures, namely i) Converter-ROM [3],

ii) Converter-I, and iii) Converter-II were compared.

As expected, the circuit area and delay for Converter-ROM
increases exponential with n. For values of n lower than 8,

the ROM based structure can be a good solution. Nevertheless
higher area requirements are imposed, as depicted in Figures 5

and 6. For values of n higher than 8, significant area and delay

gains are achieved with the proposed structures.

From these results, and considering AT 2 as a performance
metric, it can be conclude that the Converter-ROM is better

for n lower than 6 bits, as depicted in Figures 5(c) and 6(c).

For n higher than 6 the proposed structures have better
performances, achieving lower delay and circuit area values.

Considering the 4-moduli base set {2n − 1, 2n + 3, 2n +
1, 2n − 3} the Converter-ROM structure can be suitable

for Dynamic Range up to 24 bits. Currently, typical signal
processing applications require at least 32 bit processors. If

cryptography applications are considered, significantly higher

Dynamic Ranges are required.

The most important result is obtained when comparing the

state of art of binary-to-RNS conversion units, with the new
proposed structure. An average reduction of 79% and 85% in

the circuit area is achieved with an average speedup of 3.09
and 2.93, for modulo {2n − 3} and {2n + 3} respectively, as

depicted in Figures 5 and 6. When comparing the {2n ± 1}
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Fig. 7. Results for binary-to-RNS converter for modulo {2n ± 3} and {2n ± 1}

channels with the {2n±3} channels, two distinct delay patterns
can be observed in Figure 7(b): the {2n± 1} channels are up

to 2.34 times faster than the {2n±3} channels while requiring

less circuit area.

It can be conclude from the obtained results that the
new proposed conversion units from binary-to-RNS are more

efficient than the state of art, and allow to design efficient
units for higher Dynamic Ranges. Even though the {2n ± 3}
modulo channels are slower than the {2n ± 1}, the full RNS

computation is improved, since the full set of arithmetic units
need for all the modulo channels are improved [12].

V. CONCLUSIONS

In this paper, compressor and binary-to-RNS converter units

for Residue Number Systems (RNS) using modulo {2n − 3}
and {2n + 3} channels are proposed. Performance results for

the proposed units for modulo {2n±3} and for modulo {2n±
1} obtained, for 0.13 μm ASIC technology, suggest that the
proposed modular compressor units require less 33% of area

resources and achieve a speedup of 1.49 where compared to

the state of art. The obtained results for the conversion from
binary-to-RNS, suggest that the proposed units require less

79% and 85% of circuit area with a speedup of 3.09 and 2.93,
respectively for modulo {2n−3} and {2n+3}. In conclusion,

this paper proposes new, generic and efficient implementations

of compressors and conversion units for the moduli set {2n−
1, 2n + 3, 2n + 1, 2n − 3}.

ACKNOWLEDGEMENT

This work was supported by the Portuguese Foundation for

Science and for Technology (INESC-ID multiannual funding)
through the PIDDAC Program funds and by the PROTEC

Program funds under the research grant SFRH / PROTEC /

49763 / 2009.

REFERENCES

[1] M. Soderstrand, W.Jenkins, G. Jullien, and F. Taylor, Eds., Residue num-
ber system arithmetic: modern applications in digital signal processing.
Piscataway, NJ, USA: IEEE Press, 1986.

[2] P. M. Matutino and L. Sousa, “An RNS based specific processor for
computing the minimum SAD,” in 11th EUROMICRO Conference on
Digital System Design: Architectures, Methods and Tools, 2008.

[3] S. Piestrak, “Design of residue generators and multioperand modular
adders using carry-save adders,” Computers, IEEE Transactions on,
vol. 43, no. 1, pp. 68 –77, jan. 1994.

[4] A. Premkumar, “A formal framework for conversion from binary to
residue numbers,” Circuits and Systems II: Analog and Digital Signal
Processing, IEEE Transactions on, vol. 49, no. 2, pp. 135 –144, feb.
2002.

[5] A. Premkumar, E. Ang, and E.-K. Lai, “Improved memoryless RNS
forward converter based on the periodicity of residues,” Circuits and
Systems II: Express Briefs, IEEE Transactions on, vol. 53, no. 2, pp.
133 – 137, feb. 2006.

[6] F. E. P. Dale Gallaher and P. Srinivasan, “The digit paralell method for
fast RNS to weighted number system conversion for specific moduli
{2n − 1, 2n, 2n + 1},” IEEE Transactions on Circuits and Systems -
II: Analog and Digital Signal Processing, 1997.

[7] Y. Wang, X. Song, M. Aboulhamid, and H. Shen, “Adder based residue
to binary number converters for (2n-1, 2n, 2n+1),” Signal Processing,
IEEE Transactions on, vol. 50, no. 7, pp. 1772 –1779, Jul. 2002.

[8] M.-H. Sheu, S.-H. Lin, C. Chen, and S.-W. Yang, “An efficient VLSI
design for a residue to binary converter for general balance moduli
{2n − 3,2n + 1,2n − 1,2n + 3},” Circuits and Systems II: Express
Briefs, IEEE Transactions on, vol. 51, no. 3, pp. 152 – 155, march
2004.

[9] P. A. Mohan, “New reverse converters for the moduli set 2n-3,2n-
1,2n+1,2n+3,” AEU - International Journal of Electronics and Com-
munications, vol. 62, no. 9, pp. 643 – 658, 2008.

[10] L.-S. Didier and P.-Y. Rivaille, “A generalization of a fast RNS conver-
sion for a new 4-modulus base,” Circuits and Systems II: Express Briefs,
IEEE Transactions on, vol. 56, no. 1, pp. 46 –50, jan. 2009.

[11] P. Ananda Mohan, “Reverse converters for the moduli sets {22N − 1,
2N , 22N + 1} and {2N − 3, 2N + 1, 2N − 1, 2N + 3},” in SPCOM
’04, 11-14 2004, pp. 188 – 192.

[12] P. M. Matutino, R. Chaves, and L. Sousa, “Arithmetic units for RNS
moduli {2n − 3} and {2n + 3} operations,” in 13th EUROMICRO
Conference on Digital System Design: Architectures, Methods and Tools,
2010.

[13] R. Chaves and L. Sousa, “
{
2n + 1, 2n+k, 2n − 1

}
: A new RNS

moduli set extension,” in EUROMICRO Systems on Digital System
Design, 2004.

[14] A. Omondi and B. Premkumar, Eds., Residue Number Systems: Theory
and Implementation. London, UK: Imperial College Press, 2007.

[15] R. Zimmermann, “Efficient VLSI implementation of modulo {2n ± 1}
addition and multiplication,” in 14th IEEE Symposium on Computer
Arithmetic, 1999.

[16] K. Elleithy and M. Bayoumi, “A systolic architecture for modulo
multiplication,” Circuits and Systems II: Analog and Digital Signal
Processing, IEEE Transactions on, vol. 42, no. 11, pp. 725 –729, nov.
1995.

[17] R. Zimmermann, “Binary adder architectures for cell-based VLSI and
their synthesis,” Ph.D. dissertation, Swiss Federal Institute of Technol-
ogy (ETH) Zurich, Hartung-Gorre Verlag, 1998.

[18] Virtual Silicon Technology Inc., “v2.4 esimroute/11TM ,” High Perfor-
mance Standard Cell Library (UMC 0.13 μm), Tech. Rep., 2004.

467467


