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RNS Reverse Converters for Moduli Sets
With Dynamic Ranges up to -bit
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Abstract—In the last years, investigation on residue number sys-
tems (RNS) has targeted parallelism and larger dynamic ranges.
In this paper, we start from the moduli set

, with an equivalent
-bit dynamic range, and propose horizontal and vertical exten-

sions in order to improve the parallelism and increase the dynamic
range. The vertical extensions increase the value of the power-of-2
modulus in the five-moduli set. With the horizontal extensions,
new six channel sets are allowed by introducing the
or moduli. This paper proposes methods to design
memoryless reverse converters for the proposed moduli sets with
large dynamic ranges, up to -bit. Due to the complexity
of the reverse conversion, both the Chinese Remainder Theorem
and the Mixed Radix Conversion are applied in the proposed
methods to derive efficient reverse converters. Experimental re-
sults suggest that the proposed vertical extensions allow to reduce
the area-delay-product up to 1.34 times in comparison with the
related state-of-the-art. The horizontal extensions allow larger
and more balanced moduli sets, resulting in an improvement of
the RNS arithmetic computation, at the cost of lower reverse
conversion performance.

Index Terms—Adder-based processors, residue number systems,
RNS-to-Binary converters.

I. INTRODUCTION

R ESIDUE arithmetic, based on the Residue Number
System (RNS), has been in use in digital processing

systems for many years [1]. It is a carry-free arithmetic with
modular characteristics that offers the potential for high-speed
and parallel computation. Arithmetic operations, such as
addition, subtraction, and multiplication, can be carried out in-
dependently and concurrently in several residue channels more
efficiently than in the conventional two’s complement binary
systems [1]. The adoption of the RNS has provided significant
efficiency for different types of Digital Signal Processing
(DSP) applications [2], such as filtering [3], computation of the
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Discrete Fourier Cosine transform [4], communication [5], and
cryptography [6], [7].
The choice of the moduli set is of key importance in order

to obtain balanced moduli sets that exploit parallelism for the
Dynamic Ranges (DR) required by the applications [8], [9].
The design of reverse converters for these moduli sets is a
fundamental issue, because it is a complex and slow operation
that has to combine the values of all the residues in order to
achieve the equivalent binary representation of the number.
The algorithms for reverse conversion are mainly based on
the Chinese Remainder Theorem (CRT), on the mixed-radix
conversion (MRC), and on what has more recently been called
the New Chinese Remainder Theorems (New CRTs) [10].
Moduli sets that have been proposed to setup RNS can be

classified according to the number of residues and their DR.
Most of the converters for DR around -bit employ moduli
of the forms and . For example, efficient memoryless
reverse converters for the traditional three-moduli set

can be found in [11] and efficient arithmetic units
have been recently reported [12]. Variations of this moduli set
have been proposed, such as [13], and

[14], although some equivalences and
redundancies of efforts have been exposed in [15].
There are some applications, such as cryptography, for which

the level of parallelism and the DR provided by the three-moduli
set are not enough. For those cases, sets with one additional
modulus and larger DR have been proposed, as for example the
four-moduli sets with a DR of about -bit:

[16], [17],
[18], [19],

and a generalization of this last four-moduli base [20].
Proposals for DR of -bit can also be found, some of them

with vertical extensions of the three-moduli sets
[21], and four-moduli sets

[22]. In the same direction, of further exploring the vertical
extension, the -bit DR moduli set

[23], and the -bit DR moduli set
[24] were recently proposed. In [25] the

five-moduli set
with a -bit DR is proposed, where all the moduli are
in the form , , and . In [26] the five-moduli
set , with about -bit
DR and also with all the moduli in the form , , and

, has been proposed. Although the moduli are co-prime
numbers for even, a significant number of powers of 2, with
positive and negative signs, have to be added up to achieve the
multiplicative inverses required for the reverse conversion.
Sets based on moduli of the type , , and ,

have been proposed to compose larger but not co-prime RNS
bases. Hierarchical reverse converters have been designed for
RNS with pair of conjugate moduli [27], [28], and a three level
hierarchical reverse converter was designed for an 8-moduli set
[29]. However, in all these cases there is no value of that sets
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up a co-prime moduli set, which results in increased complexity
for reverse conversion.
Skavantzos in 1998 has proposed the following five-moduli

set [30],
composed of co-prime moduli for odd, which has been revis-
ited by Hiasat in [31]. This moduli set is balanced, provides a
DR of -bit and leads to simple multiplicative inverses. These
are the main reasons for us to have adopted this moduli set as
the starting point for the research herein presented.
In this paper, moduli sets with DR between -bit and
-bit DR are proposed by vertically and horizontally extending

the original moduli set, which is an uncovered task in the re-
lated state-of-the-art. First, a pure vertical extension of the most
efficient moduli-set presented in [31] is proposed, leading to

,
which provides an arbitrary extension of the moduli set by over-
loading the power-of-two channel. DRs of and bits are
achieved with and respectively. An horizontal
extension is also proposed allowing the expansion of the DR by

, namely
, while maintaining the balance between

the moduli channels. By combining both the vertical and hori-
zontal extensions results in the moduli sets

, with DRs
up to -bit when and is used.
The rest of the paper is organized as follows. The proposed

vertical and horizontal extensions to the original moduli set are
presented in Section II. A method to design the reverse con-
verters for the vertically extended moduli sets is proposed in
Section III. In Section IV a method is proposed for designing
reverse converters for the horizontally extended moduli sets and
for moduli sets both vertically and horizontally extended. The
proposed reverse converters are theoretically and experimen-
tally compared with the related state-of-the-art in SectionV. The
conclusions are presented in Section VI.

II. VERTICAL AND HORIZONTAL EXTENSIONS OF THE
FIVE-MODULI SET

To simplify the presentation of the methods and the descrip-
tion of the architectures herein proposed we adopt the notation
followed in [31].
• For an -bit array of a generic values , bits are referred
from the Most Significant Bit (MSB) to the Least Signifi-
cant Bit (LSB) as .

• denote the residue for , for which the -bit array
representation is .

• The symbol operates the concatenation of the binary rep-
resentation of two numbers.

With the dynamic range equal to the product of the moduli for
the defined set , , and
representing the multiplicative inverse of with respect to
modulus , which are required to decode the RNS representa-
tion into binary, , by using the CRT

(1)

Equation (1) can be rewritten as

(2)

where is an integer that depends on the value of .

The vertical extensions herein proposed are focused on the
power of two modulus of the five-moduli set in [31]. The ratio-
nale for extending the power of two modulus is the performance
and area cost differences between the arithmetic units for that
and the other moduli. Experimental results for the arithmetic
units, depicted in Section V, suggest that the power-of-two
channel (in the form ) is up to 3 times faster, requiring
significantly less area resources than the non-power-of-two
channels (in the form , with ) for the same bit
length . Thus, in order to have a more balanced computation
performance and area cost, the value of the exponent of the
power of two modulus can be increased by adding an in-
teger positive parameter to it, leading to the five-moduli sets

, is
an odd integer and . Let us denote the value of
with , and , which
cover all possible integer values in
order to derive DRs of -bit.
To show that this moduli set is composed of co-prime num-

bers, we only have to show that the modulus is co-prime
with the remaining moduli. This can be proven by knowing that
for even and odd integers [32].
Hence,
. Therefore, since and
are odd integers, , and the
moduli are all co-prime when is odd.
For extending the moduli set horizontally, we propose to in-

troduce a sixthmodulus to the original moduli set, for
or for , with . There-

fore, the six-moduli sets
and

, can be adopted for
covering a DR of -bit, for any odd integer .
We prove in appendix lemmas 1 and 2, which state that each

of the proposed six-moduli set is composed by pairwise rela-
tively primes for a certain range of values of , and both lemmas
together provide the range of odd values of .
Lemma 1: The moduli

, being an integer, and are
pairwise relatively primes for any , .
Lemma 2: The moduli

, being an integer, and are
pairwise relatively primes for any , .
The horizontal extensions of the moduli sets lead to more

balanced moduli sets, but we can predict that the introduction of
an additional modulus in the set implies more complex reverse
converters.
Naturally, we can apply both the vertical and horizontal

extensions, leading to the six-moduli sets
and

, for covering a DR of -bit and
-bit, respectively. For example, for ,

equivalent DRs of -bit and -bit are achieved.

III. REVERSE CONVERSION WITH VERTICAL EXTENSION

The extension of the power of two modulus herein proposed
adds a parameter to the exponent, leading to the five moduli
set ,
with an odd integer and .
As referred in the previous section, let us consider the value

and vertically extend themodulus to . Let us
also consider from now on that , ,
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TABLE I
MULTIPLICATIVE INVERSES FOR MODULI SET FOR GENERIC

, , and .
With and , results a
DR equal to , with

(3)

The multiplicative inverses for the moduli set
are shown in

Table I. The auxiliary parameter in Table I, which is used to
establish the sign of some multiplicative inverses, is defined as
a function of

if
if

(4)

The values of the multiplicative inverses shown in Table I
satisfies the condition for ( , 2, 3,
4, 5). This proof, due to the lack of space, is not herein presented
but can be found in [33].
To get the value of we can also use the equation

(5)

which is obtained by concatenating to .
To compute we can divide (2) by and take the

floor value of both sides modulo

(6)

Since the terms in (6) for are integers

(7)

The term associated to can be rewritten as (notice that
, and )

(8)

The term , since is a non integer term
lower than one. Therefore, the integer terms associated to the
floor operation (herein denoted as ) are

(9)

where, for this vertical extension of the five moduli set, the
values of are

(10)
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Two well known properties can be applied for evaluating and
simplifying : i) modulo multiplication
of a residue number by , where and are positive integers,
is equivalent to rotating the number left bits (ROL ); ii)
modulo of a negative number is accomplished by sub-
tracting this number from , which is equivalent to taking
the one’s complement of the number.
Let us start by considering the original five-moduli set [31],

for which is an odd integer, , and . In this case
, , , ,

and ; resulting in and
a DR equal to . The , , can be
derived from (3) for .
The multiplicative inverses can be obtained from Table I for

It is important to emphasize that the multiplicative inverses
consist of a single term for the particular case , which
simplifies the computation of and leads to the simple
architecture presented in [31]. From the , , terms we
can derive the seven modulo terms individually, repre-
sented by , which are obtained by using ROL operations that
shift and concatenate the bits of the residue values. Additionally,
a correction term, which will be detailed in next subsection, is
also added in order to compensate the negative terms. For this
case , the correction term depends
on the residue bits and , resulting

(11)

The four possible values of the correction term , ( , ,
, and ) [31] are selected by a (4:1)-input -bits MUX as

depicted in Fig. 1. Therefore, is obtained by means of
a modulo Carry-Save-Adder (CSA) tree, and a final
Carry-Propagate-Adder (CPA), with End-Around-Carry (EAC),
as it is also depicted in Fig. 1.
The moduli set

was also proposed in [31], using a similar ap-
proach. However, this is a slight vertical extension with a mar-
ginal impact on the DR. In this paper general vertical extensions
are proposed in order to obtain significantly larger DRs, also
showing that simple multiplicative inverses can be obtained.

A. Set

For the five-moduli set with the power of two modulus
. the values of , with , can be derived

from (3) by replacing

(12)

Fig. 1. Block diagram of the reverse converter presented in [31].

The multiplicative inverses, obtained from Table I for
and , are

In this case, the values of in (10) are

• The computation of can be performed as

(13)
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Thus

(14)

(15)

• The computation of can be performed using the n-bit
residue as

(16)
with,

(17)

(18)

• For the computation of the -bit array can be
represented as , where represents
without the MSB. Thus, can be expressed as

(19)

with

(20)

(21)

For the negative terms, beside complementing the -bit in
the right location, the remaining bit locations have to be padded
“1”, which leads to the constant

(22)

Since this is also the value for the term associated with

(23)
• The value can be obtained by

(24)
where is represented with bits. In order to simplify
the derivation of , (24) is written as

(25)

with

(26)

(27)

can be further divided into

(28)

Thus, and can be expressed as

(29)

(30)

with

(31)

(32)

(33)

(34)

The term described in (27) can be expressed as

(35)

with

(36)

(37)

• In order to compute let us to represent the -bit
array as , where is without
the most significant bit. In this case can be defined as

(38)
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with

(39)

(40)

Once more to facilitate the computation, can be further
divided as

(41)

Thus, and can be expressed as

(42)

(43)

with

(44)

(45)

(46)

(47)

The term described in (38) can be expressed as

(48)

with

(49)

(50)

Fig. 2. Block diagram of the proposed reverse converter with -bit DR by
applying the vertical extension

Therefore, for , is computed as

(51)

where is given by

(52)

By inserting (15), (18), (23), (32), (34), (37), (45), (47), and
(50) into (52), leads to four possible combinations for de-
pending of and , as in the case, for , previously
presented. The block diagram of the proposed reverse converter
is shown in Fig. 2. This block diagram is similar to the one in
Fig. 1, but with a wider and deeper (one further level) Wallace
tree adder structure.
In Table II, a numerical example is presented for ,

which summarizes the values computed with the adopted con-
version approach. The corresponding architecture for this nu-
merical example can be derived by substituting , and the
values of , , where , in the Fig. 2.
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TABLE II
NUMERICAL EXAMPLE FOR , WITH THE PROPOSED EXTENSION, , (DR OF 30-bit)

B. Set

The values of , with , can be derived from (3)
by replacing . From Table I, the multiplicative inverses
are

In this case, the assume the values

Due to the fact that each multiplicative inverse contains only
one term, the architecture will have the same level of complexity
as the one presented in [31].
Now that two examples of vertical extensions of the moduli

set presented in [31] have been derived, architectures for any
value of can be designed by using
the multiplicative inverses presented in Table I. The number of
terms of the multiplicative inverses defines the complexity of
the architectures. The moduli set

has at most two terms of
multiplicative inverses, as in the particular case of , pre-
viously analyzed. Nevertheless, another channel may be intro-
duced in the original moduli set in order to achieve a more bal-
anced moduli set. This task is carried out in the next section.

IV. REVERSE CONVERSION WITH HORIZONTAL AND
HYBRID EXTENSIONS

In this section we start by deriving a method to perform re-
verse conversion to the six-moduli sets

and
, which re-

sult from the horizontal extension of the original five-moduli

set, and cover a dynamic range of -bit for odd and
. Then we will design reverse converters for six-moduli

sets that result from both the vertical and horizontal extensions,
designated by hybrid, namely for

, for the cases
and , which cover a DR of -bit and -bit,
respectively.

A. Reverse Converters for the Moduli Set

Let us start from the general case
, and then set .

We can decompose the six-moduli sets into two-moduli subsets
of co-prime numbers, the subset

and the subset
, with or , and apply

the MRC to compute the RNS-to-binary conversion [1]. For the
simple case of two-moduli set , the integer can be
converted with the MRC from its residue representation ( ,
) as

(53)

where is the multiplicative inverse of modulo
and the coefficients and are the mixed-radix digits

of . The value can be obtained by using the architec-
tures presented in the previous section, whereas , with

and or
. The multiplicative inverse depends on the

chosen values of and . When ,
and are provided by lemma 3 and lemma
4, respectively. The proofs of these lemmas can be found in [33].
Lemma 3: The inverse of modulo is

(54)

which can be written as a sum of powers of two

(55)

Lemma 4: The inverse of modulo is

(56)
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which can be written as a sum of powers of two

(57)
Equation (53) can be rewritten as

(58)

For the case with , the -bit array ob-
tained from the 5 moduli set, , can be split into six -bit
arrays as

(59)

where

(60)

for and , . The last array, ,
which covers the bit positions , is filled
with zeros from , since the MSB of is

-bit.
Taking into consideration that is possible to chose positive

and negative residues of a modulus [9]

for
for

(61)

the term from (58) can be rewritten as

(62)
and consequently

(63)

Similarly for , the array can be split into
five -bit arrays as

(64)

where

(65)

for , and , . The last array, ,
which covers the bit positions , is filled
with zeros from , since the MSB of is

-bit. In this case

(66)

and consequently,

(67)

B. Reverse Converters for the Moduli Set

Let us now consider or ,
, and simi-

larly decompose the six-moduli set into two-moduli subsets, the
subset

and the subset , with
or . The MRC (53) is applied to the subsets

and . The required multiplicative inverses are provided
in lemmas 5 to lemma 8. The proofs of these lemmas can be
found in [33].
Lemma 5: The inverse of modulo is

(68)

which can be written as a sum of powers of two

(69)

Lemma 6: The inverse of modulo is

(70)

which can be written as a sum of powers of two

(71)

Lemma 7: The inverse of modulo is

(72)

which can be written as a sum of powers of two;

(73)

Lemma 8: The inverse of modulo is

(74)

which can be written as a sum of powers of two;

(75)
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For , the array can be split into ,
with and , arrays of -bits as

(76)

where the arrays are obtained in the same way that (60).
Therefore, by using the property in (61) for the modulus

(77)

and consequently,

(78)

For , the array can be split into ,
with and , arrays of -bits as

(79)

where the arrays are obtained in the same way as (65). In
this case

(80)

and consequently,

(81)

C. Reverse Conversion Structures

The approach for designing reverse conversion structures for
the proposed moduli sets

is carried out in two levels.
In the first level the CRT is applied to generate the residue for

the modulo
, as it is described in Section III. In the

second level, the MRC is applied to the moduli set .
The performance of this second level mainly depends on the
number of terms of the multiplicative inverse, given
by (55) and (57) for , by (69) and (71) for , and
(73) and (75) for . In the following, to simplify, we only
consider , but the explanation for
is similar.
For the moduli set

, with , the binary repre-
sentation, , can be computed by substituting given
by (55) in (58), resulting

(82)

is computed in the first stage of the second
level of the reverse conversion structure. Since -bit are re-
quired to represent , six -bit terms of are consid-
ered. The addition of the terms of with is performed by a
tree of modulo CSA, designated as a Multi-Operand
Modular Adders (MOMA) [34] with inverted EAC, as depicted
on the top of Fig. 3

(83)

where , and are the carry and sum bit vectors obtained with
an 8 input modulo MOMA. Note that the negative
terms can be added by complementing them and adding a cor-
rection term, herein represented by , since it is a
modulo addition. A Wallace Tree organization [35] is consid-
ered for the MOMA.
The next stage consists of shifting and by the terms

that compose the multiplicative inverse, as is presented in (63),
in this case

(84)

Note that the shift blocks, ROLs, in Fig. 3 marked with
asterisks correspond to the multiplicative inverse terms

. Thus,
terms are associated to (84), which is approximately .
All these shifted terms are again summed using another MOMA
modulo . In this case

(85)

where , and are the carry and sum outputs of this level of
modulo CSA tree. Note that the term is not
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Fig. 3. Block diagram of the proposed reverse converter with -bit DR
for the moduli set

.

directly added. Once again the solution is to use the property in
(61), obtaining the complement of the value and a compensation
term . Rather than adding at this stage, this value can be
modulo added beforehand together with . Thus, the actual
value added is . In practice also has
to compensate the constant terms that the CSAs with inverted
EAC impose.
Finally, , and are summed by applying a modulo

CPA.
The conversion architectures for the moduli sets of the form

, with and can be derived from
(78) and (81). The resulting topologies are identical to the one
depicted in Fig. 3, differing in the number of inputs of the two
MOMAs. The number of inputs of the first stage MOMA is
the one required to compute (78) and (81), while the number
of inputs of the second stage MOMA depends on the number
of terms of the multiplicative inverses, , in (69), (71),
(73), and (75).

V. THEORETICAL AND IMPLEMENTATION RESULTS ANALYSIS

In order to properly evaluate the performance of the proposed
reverse converters, both a theoretical analysis as well as an eval-
uation based on the implementation results were performed. For

the theoretical analysis a simple Full Adder count metric was
used. The structures were described in synthesizable VHDL1
and implemented in a 90 nm Standard Cell ASIC technology
from UMC [36], by using the Design Vision synthesis tool (ver-
sion E-2010.12-SP4).
The architectures compared are: i) the traditional 3moduli-set

presented in [11], ii) the architecture pre-
sented in [31], which has a -bit DR; iii) the architecture pro-
posed in Section III, which has a and -bit DR; and iv)
the architecture proposed in Section IV, which has a ,

, and -bit DR.

A. Theoretical Analysis

In order to better understand the delay and area performance
of the several considered reverse converters, a simple theoret-
ical model using Full Adders (FA) as the finest grain compo-
nent is adopted. In this model the estimation only considers
1-bit FA, with delay and area, since the applied bit-
wise logic operations do not impose a significant delay or area
cost. Although faster and more area expensive adders can be
used, this analysis considers that the delay of a CPA with EAC
is twice the delay of a regular CPA, while the hardware cost
is similar, as used in [23], and [24]. The MOMA are consid-
ered to be organized as Wallace Trees, requiring approximately

stages for operands [37], with a 1-bit
FA delay per stage, and a total of FAs.
Given the conversion structures described in Section III and

depicted in Fig. 1 and 2, it can be seen that the imposed delay
and area cost of the reverse converter with vertical extension
depends on the number of input terms at the CSA modulo tree
(MOMA) and the output length of the final EAC adder. The re-
sulting area increases linearly with the amount of terms at the
MOMA input, which directly depends of the multiplicative in-
verses. The delay also depends on the number of inputs at the
MOMA, however, these imply a logarithmic increase, being less
significant. The resulting theoretical estimations are presented
in Table III.
The reverse conversion structures for the horizontally ex-

tended moduli set, described in Section IV, depends on the
previously considered conversion structure plus two additional
MOMA and a final EAC adder, as depicted in Fig. 3. The
number of inputs of the first stage MOMA depends on the
size of and the length of the considered moduli set for the
horizontal extension. Note that depends on (see (76) and
(79)). The number of input terms at the second stage MOMA
depends of the multiplicative inverses, being in the order of

, as described in the previous section.
From these theoretical estimations, it can be seen that in the

proposed conversion structures with vertical extension the delay
does not vary significantly with . Actually the delay for
and is the same, while for the imposed delay is
slightly higher. This is due to the complexity of the multiplica-
tive inverses used. The implication of this complexity is a higher
area cost, given its linear evolution with the amount of terms. It
can be noted that the imposed area cost for and is
the same given the same value of . Regarding the estimations
for the horizontally extended reverse conversion structures, an
increase in both area and delay is foreseen, for the same . This
increase results from the sequential approach of the MRC.

1the HDL specification of the proposed reverse converter structures are pub-
licly available at http://sips.inesc-id.pt/~hector/RNS/VHDL_Reverse.zip
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TABLE III
AREA AND DELAY OF THE REVERSE CONVERTERS FOR THE VARIOUS PROPOSEDMODULI SETS

Fig. 4. (a) Area and (b) delay theoretical estimations for the considered reverse converters. (c) Circuit area, (d) time and (e) energy requirements, for single
conversion, experimentally obtained with our proposals comparing to the related state-of-the-art [31] and [11].

In the existing 8-moduli set state-of-the-art proposed in [29],
a three stage hierarchical reverse converter is proposed.The crit-
ical path of the first stage of the conversion is imposed by aMRC
converter, whose value is feed into another MRC converter in
the second stage. Given that in the moduli set proposed in [29]
not all the modulus are co-prime, the CRT based conversion
structure in the third stage is rather elaborate, requiring several
multiplications and modular reductions. Overall, high conver-
sion delay and area are imposed. The resulting theoretical esti-
mations for this architecture is also presented in Table III. The
conversion structure proposed in [29] clearly suggests a signif-
icantly higher FA count in terms of area and delay.
Nevertheless, the best way to analyse these results is to con-

sider the dynamic range rather than value of . Fig. 4(a) and (b)
depicts the theoretical estimations presented in Table III in terms
of DR. The delay and area for the reverse converters proposed
in [29] are not depicted in Fig. 4, given that the values are signif-
icantly higher and most are outside the used scale. The experi-
mental results suggest higher area requirements for the horizon-

tally extendedmoduli sets. This is due to the use of a second con-
version stage. Considering the vertical extension, higher values
of result in smaller and faster conversion units. This was ex-
pected, given that for the same the DR of the moduli set with

is larger than with . Thus,
better results are obtained when comparing area and delay met-
rics for a given DR. Area wise, the traditional moduli set with

obtains better area metrics, due to the simpler con-
version structure.
Considering the delay metrics, the two stage conversion of

the horizontally extended moduli sets imposes a higher delay.
However, delay increase is not as significant as it was expected,
due to the Wallace tree optimization and the reduction of the
required with the horizontal extension, for the same DR.

B. Experimental Analysis

Fig. 5 depicts the implementation results for the modulo ad-
dition structures presented in [38], [39] for modulo , ,
and . These results clearly show that more balanced
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Fig. 5. Time and area metrics for modulo adders.

moduli sets are achieved by overloading the power-of-two
channel . Modulo units are up to 3 times faster, while
requiring up to 60% less area than modulo .
The experimental results for the proposed reverse converters

were obtained for odd values of , , using the
above mentioned 90 nm Standard Cell ASIC Technology. The
obtained results are depicted in Fig. 4(c), (d) and (e), showing
the obtained area, delay, and energy consumption in regard to
the achieved DR, respectively.
Considering the performed theoretical analysis, a similar area

trend was observed, but two significant differences can be iden-
tified in the delay results. First, the delay increase trend is lower.
This is mostly due to the parallel prefix structure used for the
EAC modulo adders, when in the theoretical analysis, ripple
carry propagate adders are considered. The other main differ-
ence is in the conversion delay of the horizontally extended
moduli sets, which is significantly higher. This is due to the
performance of the Wallace trees used in the two MOMA in
this conversion stage. In practice the Wallace tree delay is im-
posed not only by the FAs, but also by the interconnection de-
lays, which can be quite significant. Area wise, a slight differ-
ence can be observed regarding the theoretical results. These
variations suggest that the Wallace trees impose a higher area
cost. This is most likely due to the more complex interconnec-
tions within these tree structures.
Considering the vertical extension, the experimental results

suggest that the proposed architecture for the moduli set with
-bit DR exhibits a similar performance when compared with

the architecture presented in [31], unlike what was expected
from the theoretical analysis. This is due to the structural na-
ture of the final EAC adders that do not vary significantly with
[38]. Area wise, the cost increases on average by about 21%.

This result is justified by the increase in the number of terms
of the multiplicative inverse when , resulting in a wider
CSA tree.
On the other hand, the resulting architecture for the moduli

set with -bit DR (i.e. ) suggests a delay reduction of
about 7% and, more significantly, an average area reduction of
28%. The reason for this lies in the equal number of terms of
the multiplicative inverses for both moduli sets. Thus, the con-
version structures are identical for the same value of , leading
to better results when considering the DR. From these results,
an Area-Delay-Product (ADP) efficiency metric of 1.34 times
is achieved considering as reference the reverse converter pro-
posed in [31]. Given this ADP metric, an energy consumption
reduction is also achieved, as depicted in Fig. 4(e).
Considering the horizontal extension, the experimental re-

sults clearly show that the proposed reverse converters impose

a higher delay. This is due to the use of a serial two stage con-
version approach using CRT and MRC techniques.The intro-
duction of the moduli to [31] provides an average
delay degradation of 96% and an area cost 16% higher. As seen
in Fig. 4(d), the delay of the other moduli sets with is
similar, suffering from the same delay degradation imposed by
the further additions on the Wallace Tree and to the CPA with
EAC of the second stage.
These area results were expected, given that the resulting re-

verse conversion structure of the second stage is very similar for
the horizontally extended moduli sets. Nevertheless, the experi-
mental results for the moduli set with DR of
suggests slightly higher area requirements than the one with a
DR of . This is due to the existence of more
terms at the MOMA input, since the multiplicative inverse has
more terms. The reduction of the value for the same DR is not
sufficient to compensate this additional complexity. In the area
figures depicted in Fig. 4(c), an interesting characteristic can be
observed. Namely, the reverse converter for the largest moduli
set herein proposed (with a -bit DR) has, on average, an
area demand 23% lower than the -bit DR proposed in [31].
Nevertheless, the ( -bit DR reverse converter has a ADP
metric 1.6 times worse than the one proposed in [31], also re-
sulting in worse energy consumption per conversion.
The experimental results suggest the most efficient conver-

sion in terms of delay, area, and energy consumption, is the
traditional moduli set with a DR of . This is justified by the
simpler multiplicative inverses and the existence of less moduli
channels, resulting in a simpler conversion structure without
Wallace trees. Nevertheless, significantly higher values of are
required for the same DR, when compared with the proposed
moduli sets.
Note that while the above comparisons only consider the per-

formance of the reverse conversion when choosing the moduli
set, the main focus must lie in the performance of the arithmetic
units and in the balancing between the several modulus. For
example, considering a 56 bit DR, the reverse converter with
worst delay and area performance requires
moduli channels with and while the reverse
converter proposed in [31] implies all moduli channels with

. The addition results presented in Fig. 5 suggest
that 8-bit adders are 24% faster and require 33% less area than
12-bits ones. Moreover, given in the proposed moduli set
(with ), the power-of-two channel performance
gap, when compared to the other moduli channels, is signifi-
cantly smaller than the one in the moduli set proposed in [31].

VI. CONCLUSIONS

In this paper, two different approaches for extending the
moduli set

and designing reverse converters were proposed.
In the first approach, using CRT, the power-of-two channel

is extended to for . Based
on this method, structures were derived for and ,
resulting in RNS representations with Dynamic Ranges of
and -bits. With these, one can overload the power-of-two
channel according to the different performance of the arith-
metic units for the various channels. In the second method,
using MRC, an additional modulus is added to the moduli
set, resulting in the moduli set

. This new moduli
set allows to further extend the Dynamic Range by
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while maintaining the balance between the moduli channels.
Experimental results suggest that the proposed vertical exten-
sion allows to improve the conversion efficiency by up to 1.34
times for the tested values. On the other hand, the horizontal
extension imposes a significant conversion delay overhead. The
circuit area also increases in average, but in some particular
cases area savings are achievable. In conclusion, although the
vertical extension herein proposed augments the power-of-two
channel, it achieves balanced arithmetic units for the different
channels and leads to efficient reverse converters. The hori-
zontal extension allows to achieve moduli sets with larger DR
for the same moduli length , at the cost of lower reverse
conversion performance.

APPENDIX A
PROOF OF LEMMAS IN THE PAPER

In this appendix, we present the proofs for the multiplicative
inverses presented along the paper.

Proof: The proof that
, and are pairwise relatively primes for

odd are presented in [30] and [31]. Therefore, we only have to
prove that the pairs , and

are pairwise relatively primes for any
, , which assures that is odd. If

is relatively prime to then it is also relatively
prime to the product

(86)

By using the Euclidean algorithm, we can compute the
greatest common divisor (gcd) and check if are relatively
primes

(87)

Hence, we have for

(88)

The value of the residue of depends on the value
of . This residue can be computed by subtracting the value 5
for times, such that the final term is in the range [1:5]

...

(89)

Thus (88) is 1 iff

(90)

which is always true, and

(91)

Given the additional restriction that must be odd and ,
it can be concluded that are
pairwise relatively primes for any , , thus
proving lemma 1.

Proof: Identically to the proof of lemma 1, lemma 2 can
be proven by demonstrating that the pairs

, and are pairwise
relatively primes, for any , , using the product
(86). By applying the Euclidean algorithm for
results

...

(92)

Once more (93) is 1 iff

(93)

and

(94)

which is always true. Thus, given the additional restriction that
must be odd and , it can be concluded that

are pairwise relatively primes for any
, , thus proving lemma 2.

REFERENCES
[1] N. Szabo, Residue Arithmetic and Its Applications to Computer Tech-

nology. New York: McGraw-Hill, 1967.
[2] A. Skavantzos and M. Abdallah, “Novel residue arithmetic processors

for high speed digital signal processing,” in Proc. 32nd Asilomar Conf.
Signals, Systems, Computers, 1998, vol. 1, pp. 187–193.

[3] J. Ramirez and U. Meyer-Baese, “High performance, reduced com-
plexity programmable RNS-FPL merged FIR filters,” IEEE Trans.
Electron. Lett., vol. 38, no. 4, pp. 199–200, Feb. 2002.

[4] P. Fernandez, A. Garcia, J. Ramirez, L. Parrilla, and A. Lloris, “ARNS-
based matrix-vector-multiply FCT architecture for DCT computation,”
in Proc. 43rd IEEE Midwest Symp. Circuits Syst., 2000, vol. 1, pp.
350–353.

[5] J. Ramirez, A. Garcia, U. Meyer-Baese, and A. Lloris, “Fast RNS-FPL
based communications receiver design and implementation,” in Proc.
Int. Conf. Field Programmable Logic, 2002, vol. 2438, pp. 472–481.

[6] J.-C. Bajard and L. Imbert, “A full RNS implementation of RSA,”
IEEE Trans. Computers, vol. 53, no. 6, pp. 769–774, Jun. 2004.



1500 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 60, NO. 6, JUNE 2013

[7] S. Antão, J.-C. Bajard, and L. Sousa, “Elliptic curve point multipli-
cation on GPUs,” in Proc. 21st IEEE Int. Conf. Application-Specific
Systems, Architectures Processors, 2010, pp. 192–199.

[8] Y. Liu and E. Lai, “Moduli set selection and cost estimation for RNS-
based FIR filter and filter bank design,” Trans. Des. Aut. Embed. Syst.,
vol. 9, no. 2, pp. 123–139, 2004.

[9] S. Piestrak, “Design of residue generators and multioperand modular
adders using carry-save adders,” IEEE Trans. Computers, vol. 43, no.
1, pp. 68–77, Jan. 1994.

[10] Y. Wang, “Residue-to-binary converters based on new chinese re-
mainder theorems,” IEEE Trans. Circuits Syst. II, Analog Digital
Signal Process,, vol. 47, no. 3, pp. 197–205, Mar. 2000.

[11] R. Chaves and L. Sousa, “ : A newRNSmoduli
set extension,” in Proc. Euromicro Symp, Digital Systems Des,, 2004,
pp. 210–217.

[12] A. Molahosseini, K. Navi, C. Dadkhah, O. Kavehei, and S. Timarchi,
“Area-power efficient modulo and multipliers for

based RNS,” IEEE Trans. Circuits Syst. I, Reg. Papers,
vol. 59, no. 10, pp. 2263–2274, Oct. 2012.

[13] W. Wang, M. Swamy, M. Ahmad, and Y. Wang, “A high-speed
residue-to-binary converter and a scheme for its VLSI implemen-
tation,” in Proc. IEEE Int. Symp. Circuits Syst., 1999, vol. 6, pp.
330–333.

[14] P. Mohan, “RNS-to-binary converter for a new three-moduli set
,” IEEE Trans. Circuits Syst. II, Exp. Briefs,

vol. 54, no. 9, pp. 775–779, Sep. 2007.
[15] B. Parhami, “On equivalences and fair comparisons among residue

number systems with special moduli,” in Proc. 44th Asilomar Conf.
Signals, Syst. Comput., 2010, pp. 1690–1694.

[16] P. Mohan and A. Premkumar, “RNS-to-binary converters for two four-
moduli sets and

,” IEEE Trans. Circuits Syst. I, Reg. Papers, vol. 54, no.
6, pp. 1245–1254, Jun. 2007.

[17] M. Hosseinzadeh, A. Molahosseini, and K. Navi, “An improved re-
verse converter for the moduli set ,”
Trans. IEICE Electron. Exp., vol. 5, no. 17, pp. 672–677, Sep. 2008.

[18] B. Cao, T. Srikanthan, and C.-H. Chang, “Efficient reverse converters
for four-moduli sets and

,” IEE Proc. Comput. Digital Tech., vol. 152,
no. 5, pp. 687–696, Sep. 2005.

[19] M.-H. Sheu, S.-H. Lin, C. Chen, and S.-W. Yang, “An efficient VLSI
design for a residue to binary converter for general balance moduli

,” IEEE Trans. Circuits Syst. II,
Exp. Briefs, vol. 51, no. 3, pp. 152–155, Mar. 2004.

[20] L.-S. Didier and P.-Y. Rivaille, “A generalization of a fast RNS con-
version for a new 4-modulus base,” IEEE Trans. Circuits Syst. II, Exp.
Briefs, vol. 56, no. 1, pp. 46–50, Jan. 2009.

[21] A. Hariri, K. Navi, and R. Rastegar, “A new high dynamic rangemoduli
set with efficient reverse converter,” Trans. Comput. Math. Appl., pp.
660–668, Apr. 2008.

[22] B. Cao, C.-H. Chang, and T. Srikanthan, “An efficient reverse con-
verter for the 4-moduli set based
on the new chinese remainder theorem,” IEEE Trans. Circuits Syst. I,
Fundam. Theory Appl., vol. 50, no. 10, pp. 1296–1303, Oct. 2003.

[23] L. Sousa and S. Antão, “MRC-based RNS reverse converters for the
four-moduli sets and

,” IEEE Trans. Circuits Syst. II, Exp. Briefs, vol.
59, no. 4, pp. 244–248, Apr. 2012.

[24] A. Molahosseini, K. Navi, C. Dadkhah, O. Kavehei, and S. Timarchi,
“Efficient reverse converter designs for the new 4-moduli sets

and based
on new CRTs,” IEEE Trans. Circuits Syst. I, Reg. Papers, vol. 57, no.
4, pp. 823–835, 2010.

[25] A. Skavantzos and T. Stouraitis, “Grouped-moduli residue number sys-
tems for fast signal processing,” in Proc. Int. Symp. Circuit Syst., 1999,
vol. 3, pp. 478–483.

[26] B. Cao, C.-H. Chang, and T. Srikanthan, “A residue-to-binary con-
verter for a new five-moduli set,” IEEE Trans. Circuits Syst. I, Reg.
Papers, vol. 54, no. 5, pp. 1041–1049, May 2007.

[27] A. Skavantzos and M. Abdallah, “Implementation issues of the two-
level residue number system with pairs of conjugate moduli,” IEEE
Trans. Signal Process., vol. 47, no. 3, pp. 826–838, Mar. 1999.

[28] A. Skavantzos and Y. Wang, “New efficient RNS-to-weighted de-
coders for conjugate-pair-moduli residue number systems,” in Proc.
33rd Asilomar Conf. Signals, Systems, Comput., 1999, vol. 2, pp.
1345–1350.

[29] A. Skavantzos, M. Abdallah, T. Stouraitis, and D. Schinianakis, “De-
sign of a balanced 8-modulus RNS,” inProc. IEEE 16th Int. Conf. Elec-
tronics, Circuits, Syst., 2009, pp. 61–64.

[30] A. Skavantzos, “An efficient residue to weighted converter for a new
residue number system,” in Proc. Great Lakes Symp. VLSI, 1998, pp.
185–191.

[31] A. Hiasat, “VLSI implementation of new arithmetic residue to binary
decoders,” IEEE Trans. Very Large Scale Integr. (VLSI) Syst., vol. 13,
no. 1, pp. 153–158, Jan. 2005.

[32] J. Sorenson, “Two fast GCD algorithms,” Trans. J. Algor., vol. 16, no.
1, pp. 110–144, Jan. 1994.

[33] H. Pettenghi, R. Chaves, and L. Sousa, “Multiplicative In-
verses for Moduli Sets With Dynamic Ranges of -bit,”
INESC-ID Tec. Rep., no. 15/2012, May 2012 [Online]. Available:
http://sips.inesc-id.pt/~hector/RNS/TR15.pdf

[34] H. Vergos, D. Bakalis, and C. Efstathiou, “Efficient modulo
multi-operand adders,” in Proc. IEEE 15th Int. Conf. Electron., Cir-
cuits Syst., 2008, pp. 694–697.

[35] C. S. Wallace, “A suggestion for a fast multiplier,” IEEE Trans. Elec-
tronic Computers, vol. EC-13, pp. 14–17, Jun. 1964.

[36] “Virtual Silicon Technology, Inc.: UMC High Density Standards Cells
Library CMOS Process v2.3,” 2010.

[37] Z. Wang, G. Jullien, and W. Miller., “An efficient tree architecture for
modulo multiplication,” Trans. J. VLSI Signal Processi., vol.
14, pp. 241–248, 1996.

[38] R. Zimmermann, “Efficient VLSI implementation of modulo
addition and multiplication,” in Proc. IEEE 14th Symp. Comput.

Arithmetic, 1999, pp. 158–167.
[39] A. Omondi and B. Premkumar, Residue Number Systems: Theory and

Implementation. London, U.K.: Imperial College Press, 2007.

Hector Pettenghi (M’12) received the Ph.D. degree from the University of
Seville, Spain, in 2009.
He became Researcher at the Department of Mixed-Signal Integrated Circuit

Design student at the Microelectronics Institute of Seville (IMSE-CNM) from
2003–2009. He is currently a Researcher with R&D, Instituto de Engenharia de
Sistemas e Computadores (INESC-ID), Lisbon, Portugal. His research is mainly
focused on the development and implementation of, residue number systems
(RNS), resonant tunneling devices (RTD), and threshold logic.

Ricardo Chaves (M’08) received the Ph.D. degree in electrical and computer
engineering from the Instituto Superior Tecnico (IST), Universidade Tecnica de
Lisboa, Lisbon, Portugal, and Delft University of Technology (TU Delft), Delft,
The Netherlands, in 2007.
He is currently an Auxiliary Professor with the Department of Computer Sci-

ence, and a Researcher with R&D, Instituto de Engenharia de Sistemas e Com-
putadores (INESC-ID). His research interests include VLSI architectures, com-
puter arithmetic, reconfigurable hardware, and security systems.

Leonel Sousa (M’01–SM’03) received the Ph.D. degree in electrical and com-
puter engineering from the Instituto Superior Tecnico (IST), Universidade Tec-
nica de Lisboa, Lisbon, Portugal, in 1996.
He is currently a Full Professor, and a Senior Researcher with R&D, Insti-

tuto de Engenharia de Sistemas e Computadores. His research interests include
VLSI architectures, computer architectures, computer arithmetic, parallel and
distributed computing. He has contributed to more than 200 papers to journals
and international conferences.


