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A Close to Optimal Adaptive Filter for Sudden
System Changes
Paulo A. C. Lopes and José A. B. Gerald

Abstract—Most adaptive filtering algorithms are designed with
smooth changes in mind. For instance, the Kalman filter (KF)
usually assumes a random walk model for the state, where the
state noise is simply a multi-value Gaussian random variable.
However, in practice changes can be abrupt. In this paper, we
consider the case where the state noise of the KF is impulsive,
corresponding to a PDF given by the sum of two Gaussians.
This will result in a PDF for the state that is given by a sum of
Gaussians, corresponding to an implementation of a Gaussian
Sum filter, with multiple KFs contributing to the resulting
output. Simulation and theoretical considerations show that in
steady state only one filter is operating, while several filters are
important at transitions. The operation of the algorithm is then
similar to optimally detecting sudden changes, and restarting
the KF at those moments, resulting in an close optimal step
size varying algorithm. Simulations show improved performance
of the proposed algorithm when compared to state of the art
algorithms.
Index Terms—Sudden changes, Optimal filtering, Kalman
filter, Impulsive noise, Gaussian sum, Variable step size, LMS

I. I NTRODUCTION
Most adaptive filtering algorithms are designed with slow
changes of the system in mind. Algorithms like the least
mean squares (LMS), normalized LMS (NLMS), recursive
least squares (RLS), Kalman filter (KF), affine projection (AP)
all track slow changes in the system, but are not very effective
when dealing with sudden changes [1]. In fact, the LMS, for
instance, can be shown to be equivalent in the mean and for
stationary signals to a bank of linear time invariant filters that
filter changes in the system [1]. The proposed algorithm, on
the other hand, implements a time varying non-linear filter
that is optimum in adapting to sudden changes in the system.
Varying step size algorithms [2]–[11] are better equipped to
deal with sudden changes, but they are not optimum, and they
are usually based on heuristics and approximations that fail
under some common conditions.
The proposed algorithm uses a state space model for the
system similar to the KF, but with impulsive state noise.
Then using a Bayesian estimation approach [12], the optimum
state estimate is derived, resulting in a implementation similar
to a Gaussian sum filter [13]–[16]. A modified but similar
system model, and some approximations, is used to deal with
the explosive number of Gaussians that result from direct
application of the model.
Gaussian sum filters are similar to particle filters and have
been used for a long time, but not in the context of adaptive
filters.
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Vectors are represented by lower case boldface letters, x,
matrices as uppercase boldface letters, A, the transpose of
a matrix is AT , I is the identity matrix and |A| is the
determinant of A. The convolution of twoRfunctions f and
g is represented as h = f ∗ g with h(τ ) = f (t)g(τ − t)dt.
The expectation operator is represented by E[.].
II. S TATE OF THE A RT
There is not much work on adaptive filters designed to
deal with sudden changes. Related work is on varying stepsize algorithm. Varying step-size LMS algorithms have been
studied for several years. In [2] the step size is made to vary
proportionally to the error signal, and the resulting algorithm
is analyzed. In [5] an optimal expression for the step size
is presented, however this cannot be calculated exactly but
only with approximations. The optimum step of the NLMS is
simply given by µN = (E[e2 (n)] − E[v 2 (n)])/E[e2 (n)] where
e(n) is the error signal and v(n) is the measurement noise. In
[6] the authors show that the optimum step-size is given by a
projection of the system error to the reference matrix space,
and use this to derive variable step NLMS and AP algorithms,
but these are still based on heuristics. In [7] the authors derive
a formula to the step size by making the a posteriori error equal
to the measurement error signal. Other relevant papers are [3],
[4], [8]–[11].
The proposed algorithm is also related to Gaussian sum
filters. These filters have been discussed for a long time [13].
Gaussian sum filters are used for non-linear dynamic systems,
where the PDF of the state is approximated by a Gaussian
sum. The state noise and measurement noise are taken to be
Gaussian. The resulting filter is formed by a set of weighted
extended KFs. There is also some recent work on improving
the weights during the time update equation, that is presented
in [14]. This work is also related to particle filters [16]–[18],
since they also update the PDF of the state and the Interaction
Multiple Model (IMM) Algorithm filter [19] that uses multiple
models that switch with a Markov process.
III. T HE P ROPOSED A LGORITHM
A state space approach is used throughout the paper and
corresponding nomenclature. The system is described by a
desired signal, z(n), which is equal to the reference signal,
h(n), filtered by a time varying Finite Impulse Response (FIR)
filter, xo (n) of size N , plus noise, v(n), that is,
z(n) = hT (n)xo (n) + v(n)

(1)

T

where h(n) = [h(n) . . . h(n−N +1)] , is the reference signal
vector. In the state space context, xo (n) is the unknown system
state that we wish to estimate, z(n) is the measurement, h(n)
is the measurement vector and v(n) is the measurement noise.
The state varies according to the following equation,
xo (n + 1) = xo (n) + n(n)

(2)
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where n(n) is the state noise. The measurement noise is
assumed to be Gaussian with zero mean and variance qv . The
state noise, on the other hand, is not Gaussian but impulsive,
namely Bernoulli Gaussian impulse noise [20] that has a
probability density function (PDF) formed by the sum of two
Gaussians:

TABLE I
T HE PROPOSED ALGORITHM WITH GROWING L
initialize
L(0) = 1, w1 (0) = 1
x1 (0) = 0, Σ1 (0) = qni I
do starting at n = 1
time update
for i = 1 to L(n − 1) begin

PDF(n(n)) = (1 − p) N (x, 0, qn I) + p N (x, 0, qni I) (3)
where p is the impulse probability, qn is the variance of the
background state noise, and qni is the variance of the impulse
amplitude, with qni  qn . The Gaussian PDF is given by,
T

wip (n) = (1 − p)wi (n − 1)
xip (n) = xi (n − 1)
Σip (n) = Σi (n − 1) + qn I

−1

e−1/2(x−µ) Σ (x−µ)
p
.
N (x, µ, Σ) =
(2π)k |Σ|

(4)

L(n) = L(n − 1) + 1

wip (n) = p
xip (n) =

wj (n − 1)xj (n − 1)

Σip (n) = qni I

(20)
(21)

end
measure update
for i = 1 to L(n) begin

L(n)

qzi (n) = qv + hT (n)Σip (n)h(n)

(22)

αi (n) = z(n) − hT (n)xip (n)
ki (n) = Σip (n)h(n)/qzi (n)
xi (n) = xip (n) + ki (n)αi (n)

(23)
(24)
(25)

Σi (n) = Σip (n) − ki (n)hT (n)Σip (n)

(26)

(7)

end
for i = 1 to L(n) begin

i=1

and,

wip (n)N (αi (n), 0, qzi (n))
wi (n) = PL(n)
j=0 wjp (n)N (αj (n), 0, qzj (n))

L(n)

PDF(x(n)|n − 1) =

X
j=1

where PDF(x(n)|i) = PDF(x(n)|z(i) . . . z(0)) stands for the
PDF of x(n) given measurements up to i. (5) is the time
update equation and (6) is the measure update equation. If
PDF(x(n − 1)|n − 1) is a Gaussian sum, then PDF(x(n)|n)
is also a Gaussian sum, so one can express all the PDFs as,

X

(19)

L(n−1)

(5)
PDF(z(n)|x(n))PDF(x(n)|n − 1)
PDF(x(n)|n) =
PDF(z(n))
(6)

wi (n)N (x(n), xi (n), Σi (n)).

(18)

with i = L(n) begin

PDF(x(n)|n − 1) = PDF(x(n − 1)|n − 1) ∗ PDF(n(n))

PDF(x(n)|n) =

(15)
(16)
(17)

end

The PDF of the state can be updated recursively using the
equations:

X

(13)
(14)

wip (n)N (x(n), xip (n), Σip (n)).

(27)

end
current estimate

i=1

(8)
Through the text the subscript p stands for a priori. In the
derivation of the algorithm it is useful to use the following
identity,

L(n)

x̄(n) =

X

wi (n)xi (n)

(28)

i=1

N (z(n), hT (n)γ, qv ) N (γ, xip (n), Σip (n)) =
N (z(n), hT (n)xip (n), qzi (n)) N (γ, xi (n), Σi (n)) (9)
where qzi (n), xi (n) and Σi (n) are given by equations (22),
(25) and (26), respectively, that come from the KF. Also useful
is,
N (γ, µ0 , Σ0 ) ∗ N (γ, µ1 , Σ1 ) = N (γ, µ0 + µ1 , Σ0 + Σ1 ).
(10)
The time update equation has the effect of doubling the
number of Gaussians in the sum, so L(n) = 2L(n − 1). In
order to prevent this, the model is somewhat changed. We
argue that after an abrupt change, that corresponds to the
event of an impulse in the state noise, the new state is mostly
independent of the previous state. We decided to preserve only
the mean of the state. So, the time update equation becomes,
PDF(x(n)|n − 1) = (1 − p) PDF(x(n − 1)|n − 1)+
p N (x(n), x̄(n), qni ). (11)
That comes from P (A) = P (A|B)P (B) + P (A|∼B)P (∼B)
where ∼ stands for not and B is the event that represents an

impulse. And now we have L(n + 1) = L(n) + 1. This results
in the algorithm presented in Table I. For more detail see
Gaussian sum filter in [13]. The current estimate of the state
is simply given by the expected value of the state given the
current PDF, or,
L(n)

ZZ
x̄(n) =

x PDF(x(n)|n)dx =
RN

X

wi (n)xi (n). (12)

i=1

This algorithm consists in a set of L(n) KFs working in
parallel, with different weights, wi (n) that are selected for
use according to probability of the measurements given the
state of the KF. At each new iteration, a new KF is created
starting from scratch but with a low weight equal to p, the
impulse probability. However, if there is a big change in the
system, the high variance of this KF will give it an edge in the
sense that the probability of the measurement will be higher,
and it will quickly be selected as the best filter to estimate the
state, resulting in high weight.
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In the algorithm, a more careful initialization procedure
that does not assume prior knowledge about the initial state
estimate can be used but this is out of the scope of this paper.
IV. F ILTER S ELECTION P ROCESS
From the measurement update equations one has,
wi (n) =

wip (n)N (αi (n), 0, qzi (n))
γ(n)

(29)

L(n)

γ(n) =

X

wjp (n)N (αj (n), 0, qzj (n)).

(30)

filter that started after the change is increased to higher values
than the older filters. This time does not need to be enough
to make the new filter the next operating filter, but only to
guarantee that it is not discarded. Having a fair number of
filters in the set will make this very unlikely. In order to give
the filters this time, instead of creating a filter at every time
instant, filters are only created in time instants with a period
of NS samples. Each time a filter is created, one of the other
filters is selected for discarding. The discarded filter will be
the filter with the lowest weight. The resulting computational
complexity is of L Kalman filters.

j=1

wi (n + N ) =
γN (n) =

wip (n)βiN
γN (n)

N
−1
Y

γ(n + i).

(31)
(32)

i=0

Note, that γN (n) is independent of i, and that once again it is
just a normalizing term. It is well known that the operation of
raising to the power of N has the effect of greatly increasing
the relative gap between the values. Since the final values are
normalized to have a sum of one, this will result in selecting
the maximum, making this close to one while the others are
close to zero.
So, (29) has the effect of selecting the filter with the highest
probability to have weight close to one, and make the others
close to zero. Its weight is increased exponentially relatively
to the others. This fact can be verified by simulation results.
In this work, the filter with the highest weight at any given
time is called the operating filter.
V. R EDUCING THE N UMBER OF F ILTERS
The algorithm was changed so that the number of filters only
grows by one at each iteration, compared to an exponential
growth (doubling at each iterations). However, this growth still
makes it impractical for most applications. It was discussed
that at steady state, only one or a few filters contribute to the
actual state estimate. At transitions, there is a change from
one operating filter to another, and while this change is taking
place, at least two filters are important for the algorithm. This
suggests that the algorithm can operate close to optimal with
just a few filters. Filters that do not significantly contribute to
the operation of the algorithm can be discarded. The problem
being to select which filters to discard.
It is difficult to determine if, in the future, a filter will
be the next operating filter. The obvious choice is to select
the filters with the highest weight. However, the filters start
with relatively low value for the weight so this could result in
always discarding the new filters. After a sudden change the
filters that started before it (the old filters) get their weights
decreased rapidly while the filters that started after it (the
new filters) get their weight increased rapidly, because the old
filters have relatively low likelihood measures (βi (n)). So, it is
enough to give a small amount of time so that the weight of the

VI. S IMULATION R ESULTS
Simulations were performed using size N = 16 FIR filters.
The optimal filter xo is initially formed by three fractional
delays of 10.7, 13.2 and 15.3 implemented by sinc filters
with amplitudes 1.1, -0.7 and 0.5. After 159 samples a new
FIR is used, implemented in the same way, but with different
values for the delays and amplitudes. The reference signal was
generated by filtering white Gaussian noise by a size 2 moving
average filter. The measurement noise variance was set to the
high value 3. The proposed algorithm was implemented with
8 filters, zero state noise, qn = 0, a change probability of
p = 0.001 and the measurement noise variance, qv , was set
equal to the real value. In a practical scenario this can be
measured in periods of silence. A new filter was started at
every NS = 16 samples. This value was chosen equal to the
filter length.
In simulations, the measurement noise was chosen fairly
high because in the low measurement noise case sudden
changes are fairly easy to detect, corresponding to a big
increase in the residual noise. So, detecting the change and
restarting a single filter would be optimum.
Fig. 1 shows the 8 filter weights after 500 samples. It can be
seen that only one filter contributes significantly to the output,
because its weight is much greater than that of the others.

weight

The term βi (n) = N (αi (n), 0, qzi (n)) is the probability of
measuring z(n) given that one is using only the filter i to
estimate
the state. γ(n) is only a normalizing term that makes
P
i wi (n) = 1.
One can see what would happen if βi (n) was independent
of n, βi (n) = βi . After N iterations one would have,
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Fig. 1. Filter weights after a stable period.

Fig. 2 shows the variation of the operating filter identification (ID) with time. The filter ID is the starting time of the
filter. It can be seen that when the system is constant the same
operating filter is selected, but when there is a system change
a new filter is chosen. In Fig. 3 it can be seen that after a
change more than one filter contributes to the output, because
the weight of the operating filter is much less than one, and
that after a while one filter is selected and becomes the single
contributor.
Define the system distance as kx(n) − xo (n)k/N . In Fig. 4
the system distance is compared for the proposed algorithm,
the LMS, and the variable step size algorithm proposed by
Benesty [7]. In order to make the comparison fair, the reference signal was white noise. It can be seen that the proposed
algorithm is better both on: convergence speed; and on the
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Fig. 2. Variation of the operating filter ID.
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Fig. 5. Comparison of the proposed algorithm, the KF, and the variable stepsize AP algorithm proposed by Shin.
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Fig. 3. Variation of the operating filter weight.

residual value for the system distance. All the parameters of
the algorithms were set to their optimum values.

Finally, Fig. 6 compares the performance of the algorithm
with different number of filters, NF , from 2 to 16. It can
be seen that 4 filters are enough for optimum performance.
In fact, analyzing the simulation one could see that for more
than 4 filters the sudden change was detected in all of the 100
trials, while for 2 filters the change was missed in 32 trials
out of 100.

-6
-6

LMS

- 10
- 12

Benesty

- 14
- 16
- 18
proposed

- 20
0

100

200

300

400

500

Samples

System Distance HdBL

System Distance HdBL

-8

-8
NF=2
- 10
- 12
NF=4,8,16

- 14
0

100

200

300

400

500

Samples

Fig. 4. Comparison of the proposed algorithm, the LMS, and the variable
step-size LMS algorithm proposed by Benesty.

Fig. 5 compares the system distance for the proposed algorithm, the KF, the variable step size AP algorithm proposed
by Shin [6] and the IMM filter in [19]. Once again, it can be
seen that the proposed algorithm is better both on convergence
speed and on the residual value for the system distance. The
state noise of the KF has to be selected to a high value,
qn = 0.0005 in order to give it some ability to adapt to sudden
changes. This makes the final system distance much higher.
In the Shin algorithm, the AP projection order was 4, and
C = qv trace(E[(HHH )−1 ]) = 2.2 and µmax = 1 values that
resulted in the best performance of the algorithm. In the IMM
filter a two state Markov process was used corresponding to
two models, M0 and M1. M0 was equal to the model used
in the proposed algorithm but with zero state noise. M1 is
equal to M0 but with the state noise given by independent
and identically distributed (i.i.d.) Gaussian random variables
with variance equal to impulse noise variance of the proposed
model. The transition probability from M1 to M0 was ρ1 = 0.1
and from M1 to M0 was of ρ0 = pρ1 = 0.0001 resulting that
the steady sate probability of M1 was approximate p as in the
proposed algorithm.

Fig. 6. Comparison of the proposed algorithm with 2, 4, 8 and 16 filters.

VII. C ONCLUSION
In this paper, we present a new adaptive filtering algorithm
that is close to optimal in the case of sudden system changes.
The new algorithm uses a model based on impulsive state
noise, resulting in a Gaussian sum PDF for the state. This
makes it a close relative to a Gaussian sum filter. The resulting
algorithm is formed by a set of Kalman filters (KFs), each with
a corresponding weight. The number of filters is kept constant
through the operation of the algorithm by selecting the ones
with the highest weight. Simulation results confirm that the
algorithm outperforms current state of the art algorithms,
being able to detect changes even in high measurement noise
environments.
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