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Abstract— This paper presents FUZYE, a methodology that
reduces the time impact caused by Monte Carlo (MC)
simulations in the context of analog integrated circuits (ICs) yield
estimation, enabling it for yield optimization with populationbased algorithms, e.g., the genetic algorithm (GA). MC analysis is
the most general and reliable technique for yield estimation, yet
the considerable amount of time it requires has discouraged its
adoption in population-based optimization tools. The proposed
methodology reduces the total number of MC simulations that
are required, since, at each GA generation, the population is
clustered using a fuzzy c-means (FCM) technique, and, only the
representative individual (RI) from each cluster is subject to MC
simulations. This paper shows that the yield for the rest of the
population can be estimated based on the membership degree of
FCM and RIs yield values alone. This new method was applied
on two real circuit-sizing optimization problems, and, the
obtained results were compared to the exhaustive approach,
where all individuals of the population are subject to MC
analysis. The FCM approach presents a reduction of 89% in the
total number of MC simulations, when compared to the
exhaustive MC analysis over the full population. Moreover, a kmeans based clustering algorithm was also tested and compared
with the proposed FUZYE, with the latest showing an
improvement up to 13% in yield estimation accuracy.
Index Terms—Analog IC yield estimation, Analog integrated
circuit synthesis, Circuit optimization, Clustering algorithms,
Expensive simulations, Monte Carlo analysis.

I. INTRODUCTION
HE increased complexity in today’s integrated circuits
(ICs), where digital and analog components coexist on the
same die, allied to the adoption of smaller nanometerscale integration technologies, create new challenges to robust
IC design [1]. As IC manufacturing processes move towards
smaller technology nodes and detailed features, the early
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prediction of fabrication yield is of utmost importance to avoid
expensive re-design iterations that may be needed to reduce
the impact of increasing process variability on the circuits’
performance.
The lack of mature analog electronic design automation
(EDA) tools [2] led to the adoption of digital IC design
techniques, like Corner Analysis. However, such techniques
are inadequate or insufficient [3], since analog ICs are
particularly sensitive to local or intra-die variations. These
undesirable variability effects may lead to a large number of
circuits failing to comply with the desired specifications,
hence reducing production yield below acceptable values. As
result, several techniques have been proposed to estimate
parametric yield. Monte Carlo (MC) analysis revealed to be
the most reliable and accurate method to estimate circuit yield,
and is still considered the gold standard for yield prediction
[4]. The main drawback of the MC approach is the high
number of circuit simulations needed to provide accurate yield
estimation. The considerable amount of time needed to
perform MC represents a huge obstacle to the adoption and
integration of this type of approach in an EDA tool. Especially
in modern EDA circuit-sizing tools, where swarm or
population-based optimization techniques are often adopted.
Although there are several non-MC based approaches to
improve IC robustness, such as Worst Case Distance methods
[5, 6, 7], the fact is that analog IC designers and also
technology providers still hold to a design flow that includes
MC to estimate the yield in the latter stages of the validation
flow.
This work presents a MC-based yield estimation technique
that effectively reduces the impact of computational expensive
MC simulations for circuit sizing optimization processes. This
was achieved by implementing and validating a populationbased circuit sizing optimization tool that features: (1)
clustering of the feasible potential solutions at each generation
with a Fuzzy C-Means (FCM) technique, which allows
identifying similar solutions and avoids time-consuming
simulations on solutions unable to satisfy specifications in
nominal conditions; (2) selecting the best representative
solution from each cluster, and performing MC analysis for
yield estimation for those solutions alone. By performing MC
analysis, only on the representative solution per cluster a large
number of simulations is avoided on dominated solutions; and
(3) estimating the yield for the remaining candidate solutions
from the yield of the representative solutions, using the FCM
degree of membership matrix.
This paper is organized as follows: in Section II, the
background and related work is presented; in Section III, the
new FCM-based yield estimation approach is detailed; in
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Section IV, the new approach is tested in two real circuitsizing optimization problems; and finally, in Section V, the
conclusions are drawn.
II. BACKGROUND & RELATED WORK
The automatic analog IC circuit-level sizing goal is to find
circuit’s design parameter values which assure that the
specifications are met, and, ideally, that some important circuit
features are optimized. The optimization-based approach
converts the circuit sizing process into a single or multiobjective constrained optimization problem [8] as:
𝑚𝑖𝑛𝒙 𝑓𝑖 (𝐱)

𝑖 = 1,2, … , #𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝑠

subject to
𝑔𝑗 (𝐱) ≤ 0

𝑗 = 1,2, … , #𝐼𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠

ℎ𝑘 (𝐱) = 0,

𝑘 = 1,2, … , #𝐸𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠
(𝑖)

(1)

(𝑖)

𝐱 = (𝑥1 , … , 𝑥𝑛 ), 𝑋𝐿 ≤ 𝑥𝑖 ≤ 𝑋𝑈 , 𝑖 = 1,2, … 𝑛
where, a solution represents a possible combination of design
variables 𝐱, e.g., transistors’ gate width/length or circuit bias
currents, such that the sized circuit meets all the desired
performance specifications. Each component 𝑥𝑖 of vector 𝐱,
corresponds to a circuit design variable usually bounded by a
(𝑖)
(𝑖)
lower value 𝑋𝐿 and an upper value 𝑋𝑈 . Often design
variables’ ranges are derived from technological restrictions,
such as transistor gate width and length, while others result
from electrical constraints imposed by surrounding circuits
that will interact with the circuit under optimization.
𝑓𝑖 (𝐱) represents the cost or objective functions to be
optimized. Usually corresponding to some important circuit
performance requirements that the designer wants to improve,
e.g., DC gain, bandwidth, power consumption. The functions
𝑔𝑗 (𝐱) and ℎ𝑘 (𝐱) refer, respectively, to inequalities and
equality constraints, that impose some functional/performance
conditions to which a solution must comply, such as minimum
phase margin, DC gain or minimal saturation margin in the
transistors. Several functional constraints can automatically be
derived from sizing rules as described in [9, 10].
In optimization problems where the designer only wants to
improve one performance figure, i.e., single objective, the
optimization algorithm used to solve the problem will reach, at
best, only one sizing solution. In the case of having more than
one cost function, which corresponds to a multi-objective
optimization problem, the final trade-off attained in the
solutions defines a Pareto optimal front (POF).
While local optimization methods have been applied to
analog IC sizing, their usefulness comes mostly when an
initial promising solution is provided by the designer. When
fully automatic sizing is intended, e.g., for design space
exploration, the large number of input variables and constraint
conditions leads to the adoption of metaheuristic global
optimization techniques. Population and swarm-based
approaches, such as genetic algorithm (GA) [11, 12] and
particle swarm optimization (PSO) [13, 14, 15], have been
used in several circuit sizing tools. These approaches rely on a
large number of potential solutions (PSs) that explore the
design variable space, in order to find an optimal solution(s).
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To guide the optimization process, every new potential
solution (PS) must be evaluated at each iteration of the
optimization algorithm, usually, via circuit simulation. Adding
the yield as an objective of the optimization problem and
estimating its value for each PS, represents a huge bottleneck
in terms of complexity and computational effort.
According to Cadence® [16], MC analysis is the solution
for accurately estimate the yield and capture the statistics on
circuit behavior in advanced integration nodes. In order to
estimate the circuit yield using MC analysis, it must be
considered the following three types of parameters:
- Design parameters 𝐱 𝑑 = [𝑥𝑑,1 … 𝑥𝑑,𝑛 ]𝑇 ∈ ℝ𝑛 , which
define the d-dimensional design variable space D. The design
parameters values must be calculated or defined such that the
desired circuit performances are achieved. Examples of this
type of parameters or design variables are transistors’ gate
width and length;
- Statistical parameters 𝐱 𝑠 = [𝑥𝑠,1 … 𝑥𝑠,𝑚 ]𝑇 ∈ ℝ𝑚 , which
reflects process variations, such as oxide thickness and
threshold voltage, and, define a process parameter space S
with a distribution 𝑝𝑑𝑓(𝐱 𝑠 );
- Environment parameters 𝐱 𝑒 = [𝑥𝑒,1 … 𝑥𝑒,𝑘 ]𝑇 ∈ ℝ𝑘 , which
include variables like temperature and supply voltage.
Then, the yield for a manufactured circuit solution 𝐱 ∗𝑑 is
defined as the percentage of 𝐱 ∗𝑑 circuits that fulfill all the
desired specifications considering statistical and environment
parameters. This definition can be formulated [17] as:
𝑌(𝐱 ∗𝑑 ) = 𝐸[𝐴(𝐱 ∗𝑑 , 𝐱 𝑠 , 𝐱 𝑒 )|𝑝𝑑𝑓(𝐱 𝑠 )]

(2)

where E[.] is the expected value and A(.) equals 1 if all the
circuit performance specifications are met, zero otherwise. An
unbiased estimator for the expected value in (2) is given by:
𝑁

𝑌̂(𝐱 ∗𝑑 ) =

1
𝑛𝑜𝑘
(𝑖)
∑ 𝐴(𝐱 ∗𝑑 , 𝐱 𝑠 , 𝐱 𝑒 ) =
𝑁
𝑁

(3)

𝑖=1

where N is the total number of samples of the 𝐱 ∗𝑑 circuit tested,
(𝑖)
𝐱 𝑠 is the i random sample, and 𝑛𝑜𝑘 is the total number of
tested samples that meet all circuit specifications.
In order to estimate the yield using MC, a set of N random
samples, sampled from the probability density function in the
statistical device models provided by the technology
foundries, are simulated having their performance evaluated.
The number of samples and the estimated yield value affects
the accuracy of the estimator, according to (4), that shows the
variance of the yield estimator [18].
𝜎𝑌̂2 =

𝑌̂ (1 − 𝑌̂ )
𝑁−1

(4)

The reduction of the variance, for a more accurate yield
estimation result, implies testing a larger number of random
samples. This fact led to new approaches that try to minimize
the time impact of testing a higher number of samples.
Importance sampling (IS) approach, which deals with rare
circuit failure events where typical MC is infeasible due to the
very large number of MC simulations required, for instance
hundreds of millions of simulations are needed to estimate a
failure rate of 10-6 [19], tries to improve efficiency by shifting
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the sampling region towards critical or failure areas [20, 21],
which effectively reduces the number of samples needed to
attain a given accuracy. The main problem of IS is to correctly
identify the failure region, and, according to [22], since the
sampling distribution is different from the original it is harder
for IC designers to adopt this approach. The adoption of lowdiscrepancy sequences (LDS) methods made possible
sampling in the original distribution space and reducing the
number of MC simulations. Although, the simulations
reduction rate it is not enough for the adoption of typical MCbased approaches in the rare circuit failure events problem. A
good representative of an LDS method is quasi-Monte Carlo
(QMC), that evenly sample the entire parameter space. QMC
has a better convergence rate [𝑂(1/𝑛)] than typical MC
[𝑂(1/√𝑛)], which allows using a smaller number of samples
for the same accuracy [4, 23, 24].
A common approach to reduce the time impact of MC
simulations in population-based optimization algorithms is to
carefully select which PS is simulated. Guerra-Gomes, et al.,
[25] have tested several evolutionary algorithms where the
PSs are subject to a small number of MC simulations to
perform variational analysis, which allows allocating a
different number of MC simulations to different PSs from a
total budget. This approach achieved MC simulation reduction
rates from 25% to 85% when compared to classical MC with
100 iterations. Moreover, Liu, et al., [17], adopted an approach
designated ORDE, ordinal optimization-based random-scale
differential evolution, where the PSs are subject to a variable
number of MC simulations. The first stage in the ORDE
algorithm performs a small number of MC simulations to all
feasible PSs, which allows ranking them. In the second stage,
based on the rank, the algorithm allocates a higher number of
MC simulations to the best PSs, as more accurate yield
estimation is required for the top PSs. To further reduce the
time impact of MC this approach adopts Latin Hypercube
Sampling (LHS). By using LHS, the number of simulations to
estimate the yield, with a confidence interval of 1% and a 90%
confidence level, was reduced to 20%, when compared to
classic MC.
This work also reduces the time impact of MC simulations
in a population-based optimization algorithm by selecting a
small number of PS to perform MC analysis. As the
previously described approach [17], all infeasible PSs are
discarded, and no MC simulation is performed on them. The
main contribution of this approach to the state-of-the-art on
the field is that only the best objective(s) solutions are subject
to MC analysis, while the rest of the population yield is
estimated based on the best PSs yield values. The Infeasible
Solution Elimination [26, 27] (ISE), which discards infeasible
solutions, is implemented by dividing the evaluation phase of
the simulation-based optimization algorithm into a two-phase
evaluation stage. In the first stage of the evaluation process all
PSs are simulated in typical conditions to determine if all
circuit specifications are fulfilled, which allows classifying the
PSs into two classes, infeasible or feasible. The second stage,
finds the best PSs of the current iteration of the optimization
algorithm after clustering the feasible PSs using the FCM
algorithm, which are then subject to MC simulations to
accurately estimate the yield. The best PSs are selected from
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each cluster based on the performance specification values
previously calculated in the first evaluation stage. Since most
circuit-sizing optimization problems are multi-objective, by
selecting the best objective PSs from each cluster, it is avoided
any further simulation in PSs that are dominated. Also, by
clustering with FCM, allows estimating the yield for the rest
of elements in the cluster using the degree of membership
matrix as a measure of similarity between a solution and the
best PSs simulated.
Although many problems may arise from clustering in high
dimensional spaces [28], experimental tests showed that
feasible PSs at each generation are similar, with several
variables with the same value, causing an effect of a smaller
dimensional space and turning the clusters found more
meaningful.
Before detailing the newly yield estimation methodology
another important issue in analog circuits must be referred,
which is the layout parasitic effect. The circuit’s parasitics can
cause severe performance degradation, which is only possible
to estimate after physical design. Several works incorporate
the parasitic effects during the circuit sizing optimization
processes by using a layout design based on an initial sizing
which is later optimized [29, 30, 31]. Also, process variations
are considered during the circuit sizing optimization process.
The authors presented a method called Design-OfExperiments assisted Monte Carlo (DOE-MC) [30], where
several MC simulations are performed to create statistical
modeling for circuit performances, which are later used during
the circuit optimization. Parasitic-aware techniques
implemented on those approaches can be applied for circuits
where an initial sizing solution is known and with values close
to the optimal solution. Otherwise the layout design could
change significantly causing different circuit parasitics than
the ones considered during the sizing optimization process. In
order to better estimate circuit parasitics a physical layout
design must be obtained for each PS of the optimization
process and a parasitic netlist extracted to evaluate
performances. In [32] an automatic layout generation based on
templates with parasitic extraction inside the optimization loop
is presented. The addition of the current yield estimation
methodology into that parasitic-aware technique, in the near
future, will increase the robustness of the obtained solutions
and will offer a complete circuit sizing environment with
yield-aware, layout-aware and parasitic-aware features.
III. FUZZY C-MEANS BASED YIELD ESTIMATION
Unsupervised classification or clustering main objective is
to identify different and meaningful classes or attributes in
unlabeled datasets, based on some measure of similarity
among the data points [33]. Clustering allows the reduction of
the original data set into a smaller representative subset [34].
Also, it is possible to achieve data dimensionality reduction
[35]. Considering the cluster data reduction feature, a novel
approach for a MC-based yield estimation technique for
population-based optimization algorithms was developed. This
yield estimation technique allows including the yield as an
objective of the optimization process with a reduced time
impact from the MC simulations by modifying the evaluation
stage of the population-based algorithm.
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The main idea of fuzzy c-means based yield estimation
(FUZYE) methodology is to cluster in the design parameter
space all feasible individuals/PS, and, select from each cluster
a Representative Individual (RI) to perform the MC analysis.
After the MC is performed, an estimated yield value is
assigned to the rest of the individuals in the cluster. FUZYE
has four key steps: (1) identify the feasible individuals/PS; (2)
clustering of the feasible PSs and selecting a RI; (3) selection
of the RI from each cluster; and, (4) assigning yield value to
the remaining individuals in each cluster; as described in the
following sub-sections.
A. 1st Step - Identify the feasible individuals/PS.
This step identifies the feasible PSs to avoid performing
computational expensive MC simulations on PSs that do not
comply with the circuit requirements. The ISE is achieved by
dividing the evaluation process into two phases. The first
phase evaluates all the individuals for typical conditions to
obtain the circuit performance measures, and, based on those
values, the PSs are classified as feasible or infeasible. The
evolutionary evaluation process requires that a yield value is
assigned to all PSs for ranking purposes. Feasible PSs adopts
the new yield estimation technique, while, for the infeasible
PSs, a negative yield value is assigned instead. This negative
value is proportional to the amount of constraint violations by
the PS. The second phase, performed only on feasible PSs, is
where the clustering and MC analysis is performed, as
illustrated on Fig. 1
B. 2nd Step – Clustering of the feasible PS and selecting a RI.
One of the most popular clustering algorithms is the
K-means (KMS) [36] algorithm. In previous works [37, 38],
the KMS was the algorithm adopted to cluster the feasible
PSs. Although a high reduction of total MC simulations was
achieved, when compared to full population MC analysis, the
crisp membership function results that all feasible PSs on a
particular cluster have the exact same yield value of the RI.
This fact reduces diversity in the population.
The novel approach presented in this work adopts the FCM
clustering algorithm [39]. FCM allows a PS to belong to more
than one cluster. The relation of belonging of a PS to the
different clusters is defined by a degree of membership matrix,
U. The iterative process of the FCM algorithm, based on the
minimization of function (5) is outlined in Fig. 2
𝑁

𝐶

𝑚
𝐽𝑚 = ∑ ∑ 𝑢𝑖𝑗
‖𝒙𝑖 − 𝒄𝑗 ‖

2

(5)

𝑖=1 𝑗=1

where,
N – Number of data points to cluster, which in this case are
the feasible PS;
C – Number of clusters;
uij – Membership degree of xi to cluster j;
m – a real number 1<m<∞. This parameter defines the
level of cluster fuzziness. A typical value for m is 2 and, on
the limit, when m→1 the membership value converges to 0
or 1, like in KMS;
xi – Data point vector that represents a feasible PS in the ddimensional space of the design parameters;
cj – d-dimensional cluster center vector.

Fig. 1 FUZYE methodology flow.
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Fig. 4 Cluster number definition.

Fig. 2 Fuzzy c-means algorithm

The adoption of FCM involves setting several parameters,
such as the number of clusters, the m fuzziness parameter [40],
and how to initialize the cluster centers.
One of the simplest and most widely adopted techniques for
choosing the number of clusters is known as the Elbow
method [41]. The Elbow method can be easily explained
graphically, where some cost function, like the representation
error, is evaluated for an increasing number of clusters, and,
the “optimal” number of clusters corresponds to a point where
an increase in the cluster number does not correspond to a
large decrease in the cost function, as shown in Fig. 3.

Fig. 3 Number of clusters using the Elbow method.

Based on the Elbow method and the cost function (5), a
method to find the number of clusters at each iteration of the
optimization algorithm was implemented as outlined in Fig. 4.

The implemented method performs the FCM algorithm
using an increasing number of clusters and stops when the
relative variation in the cost functions is below a small 𝜀
value. In the performed tests 𝜀 was set to 0.05. The total
number of iterations was limited to √𝑁, where N is the
number of feasible PSs for clustering. This limit is used by
most researchers to avoid exhaustive search [42]. The fact that
the number of feasible PS at each iteration of the optimization
algorithm is limited by the population size, which in our
circuit sizing approach has typical values between 64 and 256,
allows using this type of method to find the number of clusters
with a time impact negligible on the overall optimization
process. Due to the possible large difference of magnitudes
among dimensions in the design variable space, a
normalization per dimension is performed, which avoids that a
particular dimension dominates the Euclidian distance
measure and the clustering results.
Both KMS and FCM are very sensitive to the initial cluster
centers selection. The choice of different random initial center
data points can affect convergence speed and cluster
identification. In [43], Arthur, et al., presented a new
initialization cluster center method called k-means++. This
method initially selects a random data point as the first cluster
center. The rest of cluster centers are iteratively selected
among the other data points, based on a probability that is
proportional to the distance between each data point and the
already selected centers. The k-means++ initial center
selection idea was translated into the FCM algorithm in [44].
The center initialization method implemented in the presented
FCM approach, i.e., line 1 of Fig. 2, is based on the kmeans++ method.
C. 3rd Step – Selection of the RI from each cluster
After clustering the PSs, a RI from each cluster must be
selected. Typical clustering techniques identify each cluster
centroid as RI, which in circuit sizing optimization problems
may not be a feasible PSs. Another RI selection technique,
based on the k-medoid algorithm [45], identifies the PS closest
to the cluster centroid as the RI. This approach also presents
problems identified in [38] as the appearance of a false POF.
The FUZYE methodology adopts the technique presented
in [37] for selecting the RI. In this technique, the best
individual/PS from each cluster is identified and selected as
the RI. The best PS per cluster is based on the objective(s)
value(s) already calculated in the first evaluation phase. In
single objective optimization problems the best objective PS is
easily defined considering the optimization objective function,
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as illustrated on Fig. 5(a). For multi-objective optimization
problems, since one PS in the POF cannot be considered better
than other PS in the front, a best tradeoff point is created based
on the best values at each objective, and, the PS closest to this
ideal point is selected as the RI, as illustrated on Fig. 5(b).
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𝐶

𝑌̂𝒙𝒊 = ∑ 𝑢𝑖𝑗 ∙ 𝑌̂𝑅𝐼𝑗

(7)

𝑗=1

where 𝑌̂𝑅𝐼𝑗 is cluster j RI estimated yield value based on MC
analysis.
IV. TESTS AND RESULTS

Fig. 5 Selection of the RI based on the objective(s) value(s). (a) Single
objective problem. (b) Multi-objective problem

Since FCM does not have a crisp membership function like
KMS, a technique that allocates each PS to a specific cluster
was developed. This technique examines the membership
values for each PS, and, finds to which cluster the highest
membership value occurs in order to allocate the PS to that
cluster.
D. 4th Step - Assigning yield value to the remaining
individuals in each cluster
In the KMS approach, the yield estimated value for the
remaining individuals in the cluster is identical to the value of
the RI. The non-crisp membership function expressed by the
membership matrix, that measures the similarity between the
RI to the rest of elements in the clusters, makes it possible to
estimate the yield for the remaining individuals on the cluster
in more detail than the KMS approach. Matrix U used in the
cluster allocation process of the previous step has membership
values based on the cluster centers calculated by the typical
FCM algorithm. The selection of the best objective PSs as the
RIs, instead of the cluster centers, forces a membership
adjustment considering the RIs as the cluster centers. Since the
RIs are subject to MC analysis, resulting in an accurate yield
estimation value for these particular PSs, the membership
value for these individuals is set to 1 for the cluster that they
represent and zero for the remaining clusters, according to:
𝒄𝑗 = 𝒙𝑅𝐼𝑗 ,
1, 𝑖𝑓𝒙𝑖 = 𝒄𝑗
1
𝑘+1
𝑢𝑖𝑗
=

‖𝒙𝑖 − 𝒄𝑗 ‖
)
‖𝒙𝑖 − 𝒄𝑠 ‖
{ 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
∑𝐶𝑠=1 (

2
𝑚−1

, 𝑖𝑓𝒙𝑖 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑅𝐼

In order to validate the proposed FUZYE methodology, the
two-phase evaluation process for yield estimation was
implemented in a state-of-the-art analog IC circuit sizing tool,
AIDA-C [46]. AIDA-C is part of the AIDA framework, and, is
a multi-constraint multi-objective simulation-based analog
circuit sizing tool with a GA-based optimization kernel, whose
general architecture is illustrated on Fig. 6. AIDA-C receives
as input the circuit’s netlist and the desired performance
specifications, i.e., the optimization constraints and objectives.
Also, the designer must specify the process design kit (PDK)
where the circuit will be implemented, which defines the
devices’ models used by the off-the-shelf circuit simulation
tool. The output of this circuit sizing tool is a set of sized
optimal circuit solutions that comply with all the desired
performance constraints, and, represent the tradeoffs between
the performance objectives.

Fig. 6 AIDA-C circuit sizing flow

The proposed FUZYE methodology embedded into the
AIDA-C evaluation process is compared with the previous
KMS-based approach [37], and, to the ideal situation where all
PSs are subject to MC simulations for yield estimation. Based
on the yield value, where all PSs are subject to MC, it is
possible to define a yield estimation error measure to assess
the impact of using clustering algorithms, with the purpose of
reducing the number of MC simulations. The estimation error
corresponds to the root mean squared difference between the
estimated yield value of the tested approach and the yield
value given the full MC simulation, henceforward designated
Full MC, according to:

(6)

After this last membership value update, the yield for the
remaining individuals in the clusters is calculated by
multiplying the membership matrix by the RIs yield values:

𝑁

1
2
𝐸𝑟𝑟𝑜𝑟 = √ ∑(𝑌̂𝑖 − 𝑌𝑖 )
𝑁

(8)

𝑖=1

where,
N – Number of feasible PS tested in the full optimization
process;
𝑌̂𝑖 – Estimated yield value for PS i;
Yi – Full MC simulation yield value for PS i.
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Two circuit examples, which represent typical circuitry
blocks in the analog world, were used to test the FUZYE
methodology. The first circuit is a single-stage amplifier with
high energy-efficiency and a gain enhancement technique
[46]. The second circuit is a low-noise amplifier (LNA) for
5GHz applications. The sizing and yield optimization process
adopted for both circuits perform typical MC simulations
using the foundry PDK’s statistical device models,
considering process and mismatch variations. For both
examples a 130 nm technology node was used. In this
technology node all the variation parameters present Gaussian
distribution. The variability capacitor models use five
statistical parameters to model variation, while the resistors
adopt a total of seven parameters. For transistor devices a total
of fourteen parameters are considered, where two are for
device mismatch and twelve for process variation. Among
those parameters are the gate oxide thickness, bottom junction
capacitance, threshold voltage, saturation velocity, low-field
surface mobility, width and length fitting parameter, etc. The
process variation in inductors is modeled by selecting one of
the three available libraries, where the Q value of the inductors
changes between minimum, typical and maximum.
The GA population was set to 256 elements, and as
stopping criteria a maximum of 300 generations for the singlestage amplifier and 600 generations for the LNA were
adopted. Additionally, Mentor’s Eldo© circuit simulator was
selected to calculate the circuit performance measures and to
perform the typical MC simulations. The number of PSs
simulated for MC analysis by each approach, i.e., KMS-based
and FUZYE, were registered allowing the calculation of the
number of saved or reduced simulations, when comparing to
Full MC.
The number of MC simulations or iterations for each
feasible potential solution was set to 1000. According to [17]
the relation between the number of MC iterations and the
accuracy of the estimated yield can be expressed by:
𝑛𝑀𝐶 ≈

𝑌(1 − 𝑌)𝑘𝑌2
Δ𝑌 2

7

Fig. 7 Yield vs Confidence level for a 2.5% confidence interval and 1000 MC
iterations.

The number of clusters considered for the KMS-based
approach was defined by the Elbow method to 5 clusters, after
performing several initial tests considering as the cost function
the representation error expressed by (10). While, for the
FUZYE methodology, the number of clusters is automatically
set by the algorithm. Moreover, for the FUZYE methodology
a range of different m parameter values were tested.
𝐾

𝑅𝑒𝑝𝐸𝑟𝑟𝑜𝑟 = ∑ ∑ 𝑑𝑖𝑠𝑡(𝒄𝑖 , 𝒙)2

(10)

𝑖=1 𝑥𝜖𝐶𝑖

where,
K
– Number of clusters;
dist(.) – Euclidian distance between two points;
Ci

– Cluster i;

𝒄𝑖

– Cluster i center;

𝒙

– Data point vector.

The tests were carried on a server with an i7-3770 Intel©
CPU with 16GB of RAM, and, for each test, 5 runs were
executed.
1) Single-Stage Amplifier
The schematic of the single-stage amplifier with enhanced
DC gain circuit is presented in Fig. 8.

(9)

where
Y – Yield estimate value;
Δ𝑌 – Confidence interval, for a Δ𝑌=1% and a yield Y=90%
the confidence interval is 89%-91%;
kY

– Multiples of yield variance that defines the
confidence level. Different values for this parameter
are presented in Table 1.

Table 1 kY parameter for different confidence levels.
Confidence Level
kY

90%
±1.645

95%
±1.960

99%
±2.576

99.9%
±3.291

Setting the number of MC iterations nMC to 1000 and Δ𝑌 to
2.5% it is possible to verify that the estimated results
confidence level is above 90% for yield values higher than
64%, as depicted on Fig. 7. The obtained test results present a
confidence level above 95% since the yield estimated values
are higher than 80%.

Fig. 8 Schematic of the circuit single-stage amplifier with enhanced DC gain.
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The optimization problem objectives for this circuit are the
maximization of the parametric yield and the maximization of
the circuit’s figure-of-merit (FoM) for energy-efficiency:
FoM =

GBW  Cload  MHz  pF 


I DD
mA



(11)

where,
GBW – Gain-bandwidth product;
Cload – Load capacity;
IDD
– Current consumption.
The circuit performance specification constraints and the
devices’ functional specification constraints are presented in
Table 2. The circuit performance measures were calculated by
electrical simulation using AC and DC analyses.
Table 2 Performance and Functional Specification Contraints.
Performance specifications
IDD
(µA)

Gain
(dB)

GBW (MHz)
@ Cload = 6 pF

PM
(°)

≤ 350

≥ 50

≥ 30

≥ 60

FoM
(MHz × pF/mA)
≥ 850

VDS – VDSat
(mV)

VGS – VTH
(mV)

PMOS

≥ 70

≥ 100

NMOS

≥ 70

≥ 50

Functional specifications

The 18 design variables and respective ranges, which
define the variable search space, are presented in Table 3,
where the nf_ variables correspond to the transistor number of
fingers, w_ is the transistor channel width and l_ is the
transistor length channel. The yield estimation error results for
the KMS-based approach and the FUZYE methodology are
presented in Table 4.
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The yield estimation error results show that the best value
for the m parameter is 2, since it presents the best estimation
error among the different tested values, and also, when
compared with KMS approach.
In Table 5, the number of simulated PSs for MC analysis,
the reduction rate when compared to Full MC and the
improvement of the FUZYE methodology when compared
with KMS are presented. The reduction rate is obtained by
(12), where the #PSMethod is the number of PSs simulated using
the KMS-based approach or the new FUZYE methodology.
𝑅𝑟𝑎𝑡𝑒 = 1 − #𝑃𝑆𝑀𝑒𝑡ℎ𝑜𝑑 /#𝑃𝑆𝐹𝑢𝑙𝑙𝑀𝐶

(12)

The MC simulations reduction rate shows values above
80% for both approaches, but when comparing the number of
simulations among the KMS-based and FUZYE, the results
revealed an average improvement of 23% for the FUZYE
methodology.
Table 5 Single-stage amplifier results for the MC simulations reduction rate.
Full
KMS-based
FUZYE (m=2)
5 Clusters
MC
Run
Simul. Simul.
Red.
Simul.
Red.
Improv.
1
6687
1252
81%
957
86%
24%
2
9482
1238
87%
958
90%
23%
3
7632
1129
85%
808
89%
28%
4
9831
1307
87%
1017
90%
22%
5
8548
1264
85%
1055
88%
17%
Average
8436
1238
85%
959
89%
23%

In Fig. 9, the POF for the different approaches in one of
the optimization runs is presented. This image shows that the
FUZYE methodology provided optimal solutions with the
same values of the Full MC, while the KMS-based approach
presents two points that are dominated by the Full MC and the
FUZYE methodology.

Table 3 Optimization Problem Variables and Ranges.
Variable
nf0, nf1, nf4, nf6, nf8, nf10(1)
l4, l6, l8, l10(2)
w0, w1, w4, w6, w8, w10(3)
l0, l1(4)

Unit
m
m
m

Min
1.0
3.4e-7
1.0e-6
3.0e-7

Grid Step
2.0
1.0e-8
1.0e-7
1.0e-8

Max
8.0
9.4e-7
1.0e-4
9.0e-7

(1)

Number of Gate Fingers for the devices pair PM0-PM3, PM1-PM2, NM4-NM5, NM6NM7, NM8-NM9 and NM10-NM11, correspondingly.
Gate Finger Length for the devices pair NM4-NM5, NM6-NM7, NM8-NM9, and
NM10-NM11, correspondingly.
(3)
Gate Finger Width for the devices pair PM0-PM3, PM1-PM2, NM4-NM5, NM6-NM7,
NM8-NM9 and NM10-NM11, correspondingly.
(4)
Gate Finger Length for the devices pair PM0-PM3 and PM1-PM2, correspondingly.
(2)

Table 4 Single-stage amplifier yield estimation error test results.
KMS-based
Est.error

Run
1
2
3
4
5

3.40e-2
4.25e-2
2.37e-2
3.92e-2
3.56e-2

FUZYE
Est.error
(m=2)
3.08e-2
3.80e-2
2.07e-2
3.47e-2
2.83e-2

FUZYE
Improvement
9.41%
10.59%
12.66%
11.48%
20.51%

Average results for different m values in the FUZYE algorithm
m=2
m=3
m=4

3.50e-2
3.63e-2
3.51e-2

3.05e-2
3.87e-2
4.12e-2

12.86%
-6.61%
-17.38%

Fig. 9 Final POF achieved by the different approaches.

The decision of clustering, in the design variable space
instead of the specification performance space, was based on 5
runs where both clustering spaces were tested. After 300
generations the POF presented on average only four solutions
for the performance space cluster. Also, the solutions were
dominated by the design variable space approach, as
illustrated on Fig. 10. The great similarity of performance
values among PSs at each generation results in a small number

> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) <
of clusters, where the RI clearly dominates the rest of the PSs.
This causes the small final POF for the performance space
clustering.
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value than the Δ𝑌=2.5% related to the performed 1000 MC
iterations.

Fig. 12 Comparison between non-yield optimization process results and the
FUZYE methodology.
Fig. 10 Clustering PS in the performance space vs design variable space.

Finally, two new optimization processes were performed
using the single-stage amplifier, where the FoM, DC gain
(GDC) and yield were maximized.
The first optimization run implements the MC-based
FUZYE methodology (MC-FUZYE) discussed so far. This
new run achieved solutions with 99.8% of yield. In Fig. 11 an
interpolated surface from the Pareto solutions is presented.

Fig. 11 POF surface for three-objectives optimization (FoM, GDC, Yield).

The MC-FUZYE optimization results were compared with
a previous optimization where only the FoM and GDC were
maximized and no yield optimization was performed. This
comparison is shown in Fig. 12, where the MC-FUZYE
solutions, which are the projection of the solutions in Fig. 11
into the FoM / GDC plane, are represented in different colors
according to the yield interval they belong. As expected, the
higher yield solutions are on the region most distant from the
two-objective Pareto front.
The MC-FUZYE run performed MC simulations in 839
PSs, achieving a simulation reduction rate of 91% when
compared to Full-MC optimization. The full optimization
process was concluded in one hour and thirty-seven minutes.
To validate the results of the three higher yield solutions
(99.8%), 50,000 MC iterations were performed. Resulting in
the yield values of 99.57%, 99.61% and 99.63%, that
correspond to an average absolute error of 0.196%, a smaller

The second optimization run adopts the QMC sampling,
one of the available sampling techniques in the adopted circuit
simulator. No modifications are needed in the FUZYE
methodology when using QMC or other sampling techniques
provided by simulator, only the circuit netlist files require
some minor changes to perform QMC-FUZYE. The adoption
of QMC allows reducing the number of iterations performed
on each PS. According to [24], in QMC a satisfactory yield
estimation results are obtained by considering iteration values
between 25 and 50. For more accurate results, the number of
iterations should increase to the range of hundreds, therefore,
for the current test the number of iterations was set to 500.
Also, in this QMC-FUZYE optimization run environment
parameters variations were modeled. For that, the supply
voltage variable was modeled as a Gaussian distribution with
mean µ=3.3V and standard deviation σ=5% of the mean.
Since the data is sampled in the interval [µ-3σ, µ+3σ] the
power supply variations may go from 2.8V to 3.8V. The
temperature operating conditions were modeled as a uniform
distribution based on the interval [15, 40]. The stopping
criterion in the QMC-FUZYE run was set to 300 generations,
which were concluded in one hour and three minutes. The
QMC approach was able to reduce the execution time in 35%
when compared to the MC-FUZYE approach. Although, the
number of iterations per PS used in the QMC approach was
half of the MC approach, the execution time was not reduced
proportional, mainly due to the overhead of invoking the
circuit simulator. Considering the environment variable in the
optimization processes resulted in solutions with lower yield
values. The maximum yield solution achieved after the 300
generations was 88.2%. Clearly, in order to obtain higher yield
values, to compensate the variability environment effects, the
optimization process must continue beyond the 300
generations. So, the QMC-FUZYE optimization run continue
up to 500 generations where higher yield values were
achieved. This extended run was able to achieve a solution
with 91.8% of yield. In Fig. 13 the obtained solutions are
shown, also, the higher yield solution is presented surrounded
by a red circle. In order to validate the QMC sampling results,
the higher yield value solution was tested with 50,000 MC
iterations, which confirm the obtained value of 91.8% yield by
the 500 QMC iterations.
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of fingers, w_ is the transistor channel width and l_ is the
transistor length channel. The wc_ variables are the width and
length of the capacitors. While for the inductors we have the
variables od_ as the outer diameter and wl_ as the metal width.
Table 7 Optimization Problem Variables and Ranges.
Variable
wcin, wc1, wcac, wc2, wcout(1)
nf1, nf2, nf3, nf5(2)
l1, l2, l3(3)
w1, w2, w3, w5(4)
odld, odl1, odl2(5)
wld, wl1, wl2(6)
Fig. 13 POF surface for the QMC-FUZYE optimization with environment
varialbles

2) Low-Noise Amplifier for 5GHz applications
The schematic of the second circuit example, the LNA for
5GHz applications, is presented in Fig. 14.

Unit
µm
µm
µm
µm
µm

Min
10
4.0
0.12
0.9
118
2.2

Grid Step
0.1
1.0
0.01
0.1
0.01
0.2

Max
100
16.0
0.36
7.2
299
9.6

(1)

Width of the symmetrical capacitors CIN, C1, CAC, C2 and COUT correspondingly.
Number of Gate Fingers of the devices M1, M2, M3 and M5 correspondingly.
(3)
Gate Finger Length of the devices M1, M2, M3 and M5 correspondingly.
(4)
Gate Finger Width of the devices M1, M2, M3 and M5 correspondingly.
(5)
Outer Diameter of the inductors LD, L1 and L2 correspondingly.
(6)
Metal Width of inductors LD, L1 and L2 correspondingly.
(2)

The yield estimation error results for the LNA are
presented in Table 8. Like for the previous circuit example,
the smaller error was obtained for m=2.
Table 8 Yield estimation error test results for the LNA circuit.
FUZYE
Est.error
FUZYE Improvement
(m=2)
1
1.91e-2
1.67e-2
12.57%
2
4.09e-3
3.90e-3
4.65%
3
7.37e-3
6.58e-3
10.72%
4
9.77e-3
8.46e-3
13.41%
5
1.60e-2
1.48e-2
7.44%
Average results for different m values in the FUZYE algorithm
m=2
1.13e-2
1.01e-2
10.44%
m=3
9.04e-3
9.41e-3
-4.09%
m=4
8.00e-3
9.35e-3
-16.88%
5 Clusters
Run

Fig. 14 LNA for 5GHz schematics

The goals in this circuit are the maximization of the circuit
parametric yield, the forward gain at 5.05GHz (S21) and the
minimization of the LNA current consumption (IDD).
The circuit performance specifications constraints and the
devices’ functional specifications constraints are presented in
Table 6. To calculate the circuit performance values AC, noise
and steady-state analysis were performed by the electrical
simulator.
Performance specifications
IDD (A)
S11 (dB)
S21 (dB)
S12 (dB)
S22 (dB)
NF (dB)
BW (MHz)
ZinRE (Ω)
ZoutRE (Ω)
P1dB (dBm)

Current Consumption of the LNA
Input Reflection Coefficient @ 5.05GHz
Forward Gain @ 5.05GHz
Reverse Gain @ 5.05GHz
Output Reflection Coefficient @ 5.05GHz
Noise Figure @ 5.05 GHz
-3 dB Bandwidth at S21 Maximum Peak
Min. Real Part of Input Impedance (1 to 100e9 Hz)
Min. Real Part of Output Impedance (1 to 100e9 Hz)
Input Referred 1 dB Gain Compression Point

Functional specifications

NMOS

VDS – VDSat (mV)

≥ 100

VGS – VTH (mV)

≥ 80

VDS (mV)

The results show that using the FUZYE methodology a
more accurate yield estimation is achieved, with an average
improvement above 10% when compared to KMS.
Table 9 MC simulation reduction rate for the LNA circuit.
5 Clusters
Run

Table 6 Performance and Functional Specification Contraints.
≤ 8e-3
≤ -14
≥ 19
≤ -40
≤ -14
≤ 2.4
≥ 700
>0
>0
≥ -29
M5

≥ 450 and ≤ 750

The optimization problem variables and respective ranges,
which define the variable search space, are presented in Table
7, where the nf_ variables correspond to the transistor number

K-means
Est.error

1
2
3
4
5
Average

Full
MC
Simul.
1902
1599
1582
2242
1812
1827

K-means
Simul.
1716
1411
1477
1968
1648
1644

Red.
9.8%
11.8%
6.6%
12.3%
9.0%
10%

FUZYE (m=2)
Simul.
1133
936
1048
1273
1122
1102

Red.
40.4%
41.5%
33.8%
432.%
38.1%
39.7%

Improv.
33.9%
33.6%
29.0%
35.2%
32.9%
32.9%

In Table 9 the MC simulations reduction rate with the
KMS approach is 10%, while for the FUZYE method is
almost 40%. Although this circuit performed 600 generations,
the number of PSs tested in MC is much smaller than
expected. This fact is explained by the small number of
feasible PSs at each generation, which also explains the
smaller yield estimation error when compared to the previous
tested circuit.
A new run with QMC for the LNA circuit was compared
with a previous optimized circuit where no yield optimization
was performed and only the forward gain (S21) and current
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consumption (IDD) were optimized. The QMC yield
optimization run performed 500 QMC iterations at each
feasible PS. The stopping criteria was set as 2250 generations,
which were achieved after fifty-five hours and forty-two
minutes for the 2-objective optimization run with no yield
optimization, and, sixty-one hours and forty-nine minutes for
the FUZYE methodology. The long optimization time was
caused by the more complex analysis performed by the circuit
simulator to extract the circuit performance measures. Also, to
calculate the different measures two test bench files were
used, implying multiple simulator calls per evaluation.
The difference of only six hours between the two
optimization runs, without considering yield and FUZYE, is
explained by the small number of feasible PS at each
generation. In Fig. 15 the obtained POF surface is presented.
The red circles identify the top yield solutions, with values of
100% for the 500 iterations using QMC. Since the obtained
yield value of 100% for 500 QMC iterations has some error
associated, which is not possible to estimate when QMC is
used [27], all points with this top yield value were validated
with 50,000 MC iterations. This validation test show yield
values of 95.8%, 98.3%, 99.9% and 99.8%, which correspond
to the 100% points in Fig. 16, order from the lowest to the
highest IDD value. The results show an average error of X%
in the yield estimation using QMC with 500 iterations.
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V. CONCLUSIONS
In this paper, a new MC simulation-based yield estimation
technique using FCM for population-based optimization
algorithms was presented. The FCM clustering algorithm was
used to select a small sample of representative elements from
a population-based optimization algorithm, which were
subject to expensive MC simulations. Based on the MC
analysis yield results and on the FCM degree of membership,
it was possible to assign an accurate estimated yield value for
the rest of the elements in the population when compared to
clustering with k-means. The presented FUZYE methodology
was tested in the context of analog IC parametric yield
estimation, achieving a high reduction in the number of MC
simulations, up to 81%, and can be used in other evaluation
processes where expensive simulations are involved.
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